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Abstract
A review of some facts concerning classical spacetime geometry is pre-
sented together with a description of the most elementary aspects of the
two-component spinor formalisms of Infeld and van der Waerden. Special
attention is concentrated upon the gauge characterization of the basic ge-
ometric objects borne by the formalisms. It is pointed out that spin-affine
configurations may be naively defined by carrying out parallel displace-
ments of null world vectors within the framework of the γ-formalism. The
standard result that assigns a covariant gauge behaviour to the symmetric
parts of any admissible spin connexions is deduced out of building up a
generalized version of spin transformation laws. A fairly complete alge-
braic description of curvature splittings is carried out on the basis of the
construction of a set of spinor commutators for each formalism. The per-
tinent computations take up the utilization of some covariant differential
prescriptions which facilitate specifying the action of the commutators on
arbitrary spin tensors and densities. It turns out that the implementation
of such commutators under certain circumstances gives rise to a system of
wave equations for gravitons and Infeld-van der Waerden photons which
possess in either formalism a gauge-invariance property associated with
appropriate spinor-index configurations. The situation regarding the ac-
complishment of the couplings between Dirac fields and electromagnetic
curvatures is entertained to a considerable extent.
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1 INTRODUCTION
In the realm of the theory of general relativity, typical physical environments
are viewed as curved four-real-dimensional spacetime continua equipped with
torsionless covariant derivative operators along with symmetric metric tensors
having either of the pseudo-Riemannian signatures (+ − −−) and (− + ++).
Any covariant differentials in generally relativistic spacetimes are uniquely as-
sociated to symmetric affine connexions which fix linear displacements whose
implementation leaves arc lengths invariant under the action of manifold map-
ping groups [1]. Each metric tensor is thus locally subject to a compatibility
condition which just amounts to a covariant constancy property. One of the
most important features of this theoretical framework is the fact that a gener-
ally relativistic spacetime admits spinor structures locally [2, 3].
The first two-component spinor approach for general relativity was proposed
by Infeld [4] much earlier than the achievement of the definitive conditions for a
curved spacetime to admit spinor structures. In this context, the independent
entry of the representative matrix for a characteristic metric spinor is taken as
a nowhere-vanishing differentiable real-valued function defined on a generally
relativistic spacetime. A relationship between this function and the functional
determinant of a spacetime metric tensor, as well as a system of equivalent
expressions for the corresponding Ricci scalar and cosmological constant, were
then derived from the utilization of simple spinor computational devices. These
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techniques took up the combination of the coordinate-derivative operator with
some constant connecting objects, and thence made it feasible to write down
for the first time a curved-space version of Dirac’s theory. Soon after the pre-
sentation of this approach, a geometric generalization of it was exhibited by
Infeld and van der Waerden [5], with a couple of different two-component for-
malisms having arisen from this generalization. The formalisms of Infeld and
van der Waerden constitute the classical spinor framework for general relativ-
ity, and are traditionally designated as the γε-formalisms. In accordance with
either of them, two conjugate spin spaces are set up at any non-singular point
of a curved spacetime, but the special Lorentzian role played by the unimodular
linear group SL(2, C) had unavoidably to be taken over by a group of gauge
transformations whose determinants amount to complex numbers that depend
essentially upon a real parameter. Actually, it had been pointed out in con-
junction with the formulation of a generalized principle of gauge invariance [6]
that such transformations could be naturally implemented within the context
of general relativity.
The γ-formalism version of the basic geometric objects is prescribed in such
a way that a smooth complex-valued function of some spacetime coordinates is
utilized in place of the real-valued metric function borne by the Infeld formu-
lation. All metric spinors for the γ-formalism bear an invariant character as
regards the action of manifold mapping groups, and additionally behave them-
selves as spin tensors under the action of the gauge group. Any connecting
object for the γ-formalism thus appears to bear a combination of a spin-tensor
character with either a covariant or a contravariant world-vector character. The
metric spinors and connecting objects for the ε-formalism are considered as en-
tities that carry the same world characters as the ones for the γ-formalism.
However, a spin-density character is ascribed to each of them, whence geomet-
ric quantities generally enter into the ε-formalism as spin densities. Incidentally,
the theory of spin densities had already been introduced [7, 8] at the time of
the advent of the γε-formalisms.
Within the γε-framework, the specification of spin-affinity patterns rests
upon both the geometric properties of the usual world-affine connexions and the
implementation of a strong requirement which amounts to taking any Hermi-
tian connecting objects as covariantly constant entities. Hence, a spinor version
of the world metric compatibility condition comes about, thereby stating that
covariant differentials of any outer product that consists of the coupling of two
conjugate metric spinors for either formalism must be taken to vanish. The pro-
cedures for building up any suitable spin connexion yield a pair of conjugate con-
tracted spin-affine structures which carry two world-covariant quantities having
different spin characters. One of these quantities appears as a world vector that
undergoes a local gauge transformation in a spin space. It is identified with a ge-
ometric electromagnetic potential that satisfies the gauge principle, and likewise
provides the imaginary parts of the contracted structures. Its physical signifi-
cance depends only upon the selection of covariant derivatives for the individual
γ-metric spinors [5]. The other quantity emerges as the common real part of the
contracted structures. In the γ-formalism, it must be expressed as the partial
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derivative of the logarithm of a covariantly constant real spin-scalar density that
bears a spacetime-metric character. There are some particular cases where it
becomes reexpressible in terms of a gauge-invariant world density that formally
allows the recovery of the world covariance of the pertinent affine structures.
It can be shown [9] that the treatment of such cases brings forth world-spin
affine connexions that are involved in the geometric structure of a well-known
class of conformally flat spacetimes. Nevertheless, no spacetime relationship
carrying the real part of a contracted spin-affine structure for the ε-formalism
does really arise. The metric spinors for the ε-formalism are chosen at the out-
set as covariantly constant objects in both the formalisms. In fact, this choice
comes into play without affecting at all the physical specification of any affine
electromagnetic potentials. Combining it with the covariant constancy of the
spin density which enters the real part of a contracted γ-affinity, implies that
all the ε-connecting objects must bear covariant constancy in either formalism
[10]. The rules for computing covariant derivatives of spin densities in either
formalism are fixed in terms of spin-affine prescriptions which arise directly from
invoking the covariant constancy of the ε-metric spinors. Such computational
devices are thus constituted by world-vector configurations which effectively
emerge from contracted spin affinities.
The construction of spin-curvature structures is modelled upon the tradi-
tional procedure that includes taking commutators between covariant derivative
operators. As originally formulated [5], the covariant constancy of any Hermi-
tian connecting objects gives rise to curvature splittings which involve only the
sum of purely gravitational and electromagnetic contributions. Nonetheless, the
computational tools that had been put into practice thereabout could not cope
with the spinor splittings of the bivector configurations borne by the commuta-
tors utilized. Consequently, the complete algebraic description of curvatures was
not accomplished at that time. Indeed, what seems to be the most striking phys-
ical feature of the γε-formalisms is the possible occurrence of wave functions for
gravitons and photons in the curvature structures of generally relativistic space-
times [10, 11]. This insight stems from the achievement of some of the most
significant developments of the spinor calculational techniques, which are related
to the construction of sets of algebraic expansions and formal valence-reduction
devices [12]. An important property of such techniques is that they may be ap-
plicable equally well to specially and generally relativistic situations because of
their intrinsic symbolic character. Loosely speaking, wave functions for photons
amount to contracted spin-curvature pieces borne by spinor decompositions of
Maxwell bivectors. The presence of electromagnetic fields in spin curvatures is
bound up with the imposition of a single gauge-covariant condition upon the
metric spinors for the γ-formalism, which is just the same as that associated
with the physical significance of affine electromagnetic potentials. Wave func-
tions for gravitons are defined as totally symmetric curvature pieces that occur
in spinor representations of Weyl tensors [13], but the algebraic characterization
of gravitational contributions has always to be made up by underlying world
configurations. Gravitational wave functions are geometrically expressed in the
same way as for the cases of covariantly constant γ-metric spinors, while wave
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functions for photons are in any such case automatically made into useless van-
ishing quantities. In spacetimes which admit nowhere-vanishing electromagnetic
and gravitational wave functions, background photons eventually interact with
underlying gravitons, with the occurrent couplings turning out to be in both
formalisms exclusively borne by the equations that control the electromagnetic
propagation [14]. The gravitational contributions for the ε-formalism were uti-
lized in Refs. [12, 13] to support a spinor translation of Einstein’s equations. It
had been established somewhat earlier [15] that any of them should show up as a
spinor pair which must be associated to the irreducible decomposition of a Rie-
mann tensor. Only recently, however, has the γε-description of the propagation
of spin curvatures in spacetime been fully exhibited [16].
In the presence of geometric electromagnetic fields, the affine computational
devices for the ε-formalism can be obtained from the ones for the γ-formalism by
allowing for a limiting case that involves an independent γ-metric component.
The imaginary part of any former device, which actually carries an electromag-
netic potential for the γ-formalism, remains essentially the same when the limit-
ing process is carried through in some gauge frame whilst the respective former
real part, which does in fact bear a spacetime-metric character, gets replaced
with a physically meaningless quantity. Putting such a limit into effect in the
absence of electromagnetic fields, yields contracted spin-affine expressions that
vanish in a gauge frame. Under these circumstances, any affine potentials are
expressed as useless gradients, and the ε-formalism turns out to bear a weaker
meaning.
The Infeld-van der Waerden formalisms have been largely utilized over the
years for various purposes by several authors in many different ways [17-28],
particularly to construct alternative spinor patterns for classical world struc-
tures and to carry out a spinor transcription of the famous Petrov classification
schemes for world-curvature tensors [29, 30]. An apparently appropriate spinor
technique for treating Einstein’s equations has also been proposed [31]. It has
been claimed by some authors that the relevance of the ε-formalism as far as
classification schemes are concerned relies upon the occurrence of a technical
simplification over the Petrov schemes [30]. Somewhat surprisingly, both the
utmost importance of spin densities and the gauge structure inherently borne
by the formalisms were entirely ruled out by several of the works we have re-
ferred to. Notwithstanding the fact that the construction of curvature spinors
is implicitly carried by the γε-formalisms, the spin curvatures that occur in
the classification schemes and some of the spinor structures mentioned above
were obtained in an artificial way by carrying out straightforward spinor trans-
lations of Riemann and Weyl tensors. More recently, it has been suggested [32]
that a description of some of the physical properties of the cosmic microwave
background may be achieved by looking at the propagation in Friedmann-like
conformally flat spacetimes of Infeld-van der Waerden photons. A full descrip-
tion of the interaction couplings that take place in the formulation of Dirac’s
theory in curved spacetimes, has likewise been given [33].
The present work is primarily aimed at emphasizing that the γε-formalisms
should be thought of as constituting the definitive framework for describing gen-
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eral spacetime properties. Attention will therefore be concentrated upon many
of the elementary aspects of the formalisms, whence we will certainly describe
the key structures associated to the fundamental role played by spin densities in
the ε-formalism. A correspondence principle associated with the limiting pro-
cess will be established in a self-consistent way by looking into two systems of
eigenvalue equations for the γ-metric spinors. A heuristic procedure for con-
trolling the presence or absence of geometric electromagnetic fields is trivially
realized from these equations [5, 21]. We will show that the metric information
supposedly carried by the real part of a contracted spin-affine structure for the
γ-formalism can be totally extracted from some of the eigenvalues. The stan-
dard result [10] which states that the symmetric parts of any admissible spin
connexions behave covariantly under the action of the gauge group, is deduced
from the introduction of a set of generalized spin transformation laws. A fairly
complete description of curvature splittings is indeed obtained out of the con-
struction of a set of covariant spinor commutators for both formalisms. The
pertinent computations take up the utilization of some differential prescriptions
which facilitate visualizing the action of the commutators on arbitrary spin ten-
sors and densities. It will be seen that the implementation of these commutators
in the presence of electromagnetic fields produces a system of wave equations
for gravitons and photons which possess in either formalism a gauge-invariance
property associated with appropriate spinor-index configurations. We will also
exhibit the patterns that describe the standard couplings between Dirac fields
and electromagnetic curvatures.
Our work has been divided into five Sections. For the sake of consistency, we
have included as Section 2 a concise review of some facts concerning spacetime
geometry which will not only impart an organizational character to our presen-
tation, but will also enhance many formal world-spin analogies. The outlines
of Sections 2 through 4 will be given in due course. In Section 5, we make
some remarks on the formalisms. We have decided from the beginning to adopt
the following conventions. Greek and Latin letters are broadly used as kernel
letters for world and spin quantities. Kernel letters for world densities will es-
pecially appear as Gothic letters. Components of world and spin quantities are
labelled by lower-case and upper-case Latin letters, respectively. The primed-
unprimed index notation of Ref. [12] will be applied to the case of conjugate
spinor components. World indices all range over the four values 0, 1, 2, 3 whereas
spinor indices take either the values 0, 1 or 0′, 1′. We will utilize the convention
[12, 34] according to which the effect on any index block of the actions of the
symmetry and antisymmetry operators is indicated by surrounding the relevant
indices with round and square brackets, respectively. Vertical bars surrounding
an index block will mean that the indices singled out are not to partake of a
symmetry operation. Any world quantity having p upper and q lower indices
will sometimes be referred to as a quantity of valence {p, q}. Similarly, a spinor
carrying a upper and b lower unprimed indices together with c upper and d
lower primed indices will be termed as a spinor of valence {a, b; c, d}. Use will
be made of the natural system of units in which c = ~ = 1. We will continue us-
ing the words object and quantity without making any conceptual specifications.
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Further conventions will be explained occasionally.
2 CLASSICAL SPACETIME GEOMETRY
As was pointed out before, we will begin by reviewing some facts related to
classical world geometry. We allow for a spacetime M endowed with a torsion-
less covariant derivative operator ∇a and a covariant metric tensor gab whose
components amount to smooth real functions on M. Throughout the work, it
will be assumed that the signature of gab is (+ − −−). Unprimed and primed
kernel letters will be used1 to refer to outcomes of allowable (invertible) world
coordinate transformations xa 7→ x′a(x), with the “x” in parentheses generally
meaning functional dependence on some spacetime coordinates x0, x1, x2 and
x3 on M. The partial derivative operators ∂/∂xa and ∂/∂x′a will be written as
∂a and ∂
′
a. Only holonomic coordinate systems should be utilized in spite of the
fact that some of our expressions would still remain valid in case anholonomic
coordinates were implemented. In Subsection 2.1, we introduce the definitions
of parallel displacements and covariant differentials in M along with the defi-
nition and properties of world curvature objects. Subsection 2.2 deals with the
construction of covariant derivatives of world densities. In Subsection 2.3, we
will touch upon the formulation of the conventional least-action principle for
Einstein’s equations without exhibiting the details of the pertinent calculations
[35-39]. There, a particular procedure for introducing the cosmological term
into the field equations will be described. The metric traces of any spacetime
quantities of valences {0, 2} and {2, 0} will be denoted by the kernel letters used
to write the aforesaid quantities. It will be convenient to define a pair of oper-
ators whose actions entail picking up the traceless parts and reversing the signs
of the traceful pieces of any of those two-world-index quantities. Such operators
were utilized in Ref. [12] to obtain a set of covariant relations involving the
gravitational tensors. Upon building up covariant differentials, we will assume
that all the geometric objects being dealt with bear a purely world character.
2.1 Elementary Structures
Usually, the tensor gab provides the length ds of an arbitrary linear displacement
dxa in M according to the formula
ds = |
√
gabdxadxb|. (2.1)
The symmetry of gab implies that there exists a contravariant metric tensor g
ab
which satisfies the relation
gahg
hb = δa
b, (2.2)
with δa
b being the (invariant) world Kronecker delta. Such metric tensors
may be particularly used for lowering and raising world indices of any space-
time quantities. Tangent spaces of M are locally identified with independent
1Later on, we will unambiguously make use of this kernel-letter convention also in the case
of gauge transformations.
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Minkowski spaces to such a degree that a single tangent space may be set up
at each non-singular point of M. The independence borne by this world settle-
ment just means that Minkowski spaces at different points of M have no point
in common. A signature-preserving coordinate transformation can thus be per-
formed which carries the metric tensors of M into those of special relativity,
there being likewise a one-to-one correspondence between local directions in M
and Minkowskian directions.
In contradistinction to ordinary d-differentials, covariant differentials are of-
ten brought in M by carrying out affine displacements of world tensors from
one tangent space to another. These displacements provide an invariant way
of connecting geometric objects defined at neighbouring points, and it is from
the choice of such a displacement that the local geometric characterization of
M partially arises. A covariant differential at xa of a world-tensor quantity
amounts to the difference between the value of the given quantity at xa + dxa
and the value of the new quantity that results from the implementation of an
affine displacement, with the covariant differential itself appearing as the outer
product of dxa with another world tensor. This latter tensor is called the co-
variant derivative at xa of the displaced quantity. The traditional procedure [1]
for prescribing covariant differentials in M requires linearity and homogeneity
in dxa as well as applicability of the Leibniz-rule property. In addition, any
covariant differentials are taken to coincide with ordinary ones whenever the
displaced quantities bear a scalar character. For such a quantity f on M, we
then have2
Df = df ⇒ ∇af = ∂af, (2.3)
where D + dxa∇a stands for the covariant differential for ∇a. The prescriptions
for vectors ua and wa are set as
Dua + dua + Γbc
aucdxb ⇒ ∇aub = ∂aub + Γacbuc (2.4)
and
Dwa = dwa − Γbacwcdxb ⇒ ∇awb = ∂awb − Γabcwc. (2.5)
In the case of either vector, the quantity Γab
c effectively specifies the displace-
ment allowed for, and constitutes the world-affine connexion associated to ∇a.
We must emphasize that the individual pieces carried by the right-hand sides
of the expansions (2.4) and (2.5) do not bear a tensor character, but each of
the overall expansions does. It should be obvious that these expansions can be
obtained from one another by using the Leibniz rule along with the property
(2.3) for f = uhwh. Covariant derivative prescriptions for world tensors of any
valences may be readily built up by invoking the result that generic tensors
can always be given as linear combinations of outer products between vectors,
and likewise performing Leibniz expansions. For instance, for a world tensor of
valence {2, 1}, we have the expansion
∇aHbcd = ∂aHbcd − ΓabhHhcd + ΓahcHbhd + ΓahdHbch. (2.6)
2Many authors use a semi-colon to denote a covariant derivative. We have adopted the
better notation of Ref. [12].
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It is useful to notice that covariant derivatives can be thought of as symbolically
involving index-displacement rules.
An important property of the geometric structure of M is related to the fact
that we can determine out of gab a unique symmetric affine connexion Γab
c which
fixes displacements whose implementation leaves ds invariant. This affine sym-
metry may be immediately brought forth by accounting for the torsionlessness
of ∇a, namely
∇[a∇b]f = −Γ[ab]c∇cf = 0, (2.7)
which accordingly gives rise to the property
Γab
c = Γ(ab)
c. (2.8)
The displacement invariance of ds implies that gab must be taken covariantly
constant with respect to ∇a, whence we have the metric compatibility condition
Dgbc = 0⇔ ∇agbc = 0, (2.9a)
which means that3
∂agbc = 2Γa(bc), Γabc + Γab
hghc. (2.9b)
Obviously, the condition (2.9a) also yields the covariant constancy of both gbc
and δa
b whence the action of ∇a is taken to commute with the lowering and
raising of world indices. The metric expression for Γab
c thus reads
Γab
c =
1
2
gch(2∂(agb)h − ∂hgab), (2.10)
which defines a Christofell connexion in M. We observe that the expression
(2.10) is invariant under constant rescalings of gab.
The basic curvature structure of M arises when we carry out affine dis-
placements along infinitesimal loops. In essence, this structure appears as an
invariant difference between two generally distinct displaced world tensors that
are obtained from some given tensorial object by displacing it along two differ-
ent paths of a loop which have the same starting and end points. It turns out
that the information carried by the overall tensor difference can be extracted
from either of the commutator configurations
2∇[a∇b]uc = [∇a,∇b]uc = Rabhcuh (2.11a)
and
2∇[a∇b]wc = [∇a,∇b]wc = −Rabchwh, (2.11b)
with Rabc
d being the curvature tensor of ∇a. Since the Leibniz rule is applicable
to ∇[a∇b], we can carry out a commutator expansion for an arbitrary world
tensor by using the prescriptions supplied by (2.11). For the tensor borne by
Eq. (2.6), for instance, we have
[∇a,∇b]Hcks = RabmkHcms +RabmsHckm −RabcmHmks. (2.12)
3The symbol Γab
c possesses 43 = 64 components in all, but the symmetry occurring in
(2.8) implies taking 64 − 24 = 4× 10 = 40 as the number of its independent components.
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Hence, applying (2.12) to gcd and invoking (2.9a), yields the relation Rab(cd) = 0,
whence
Rabcd = R[ab][cd]. (2.13a)
The torsionless character of ∇a as expressed by (2.7) is most transparently
passed on to Rabcd through the cyclic property
R[abc]d = 0, (2.13b)
as can be seen by utilizing (2.11b) with wc = ∇cf and performing a skew
symmetrization over the indices a, b and c. We can see, in addition, that the
combination of (2.13a) and (2.13b) produces the index-pair symmetry4
Rabcd = Rcdab, (2.13c)
which also reflects the torsionlessness of ∇a. By allowing for either of Eqs.
(2.11), we deduce the Riemann-Christoffel expression
Rabc
d = 2(∂[aΓb]c
d + Γm[a
dΓb]c
m). (2.14)
The torsion-freeness of ∇a likewise gives rise to the covariant differential
identity
∇[aRbc]dh = 0, (2.15a)
which may be easily derived [12] by utilizing (2.11a) and (2.12) for simultane-
ously working out the configurations
2∇[a∇b∇c]ud = 2∇[[a∇b](∇c]ud) (2.15b)
and
2∇[a∇b∇c]ud = 2∇[a(∇[b∇c]]ud). (2.15c)
Equation (2.15a) is traditionally known in the literature as the gravitational
Bianchi identity. By carrying out the skew expansion involved in it, and making
suitable index contractions, we promptly get the relation
2∇bRab −∇aR = 0, (2.15d)
where Rab and R are the Ricci tensor and scalar of Rabcd, which are defined by
5
Rab = Rahb
h = R(ab), R = g
abRab = Rab
ab. (2.15e)
We notice that the symmetry of Rab comes about because of the property
(2.13c). It is worthwhile to observe that the Ricci tensor occurs in either of
the contracted commutators
[∇a,∇b]ub = Rabub, [∇a,∇b]wb = Rabwb, (2.16)
with ∇a + gab∇b. The explicit expression for R in terms of Γabc is thus written
as
R = 2gab(∂[aΓh]b
h + Γm[a
hΓh]b
m). (2.17)
4Owing to the symmetries of Rabcd, the number of its independent components equals
4
3
(16 − 1) = 20.
5Our sign convention for the Ricci tensor is the same as that adopted in Ref. [12].
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2.2 World Densities
The concept of the simplest world densities emerges from the observation that
the action of the manifold mapping group of M on any totally antisymmetric
tensors of valences {0, 4} and {4, 0}, implies that each of the relevant compo-
nents undergoes a transformation law of the same type as that for a world scalar,
but with either the Jacobian functional determinant
δW =
∂(x′0, x′1, x′2, x′3)
∂(x0, x1, x2, x3)
, (2.18)
or its inverse, being effectively taken up as a factor by the corresponding out-
come. In the covariant case,
Wabcd =W[abcd], (2.19)
we have the prescription
W ′0123 = 4!(∂
′
[0x
0)(∂′1x
1)(∂′2x
2)(∂′3]x
3)W0123 = ∆WW0123, (2.20)
with ∆W + (δW )
−1. The determinants ∆W and δW are formally obtained
from one another by interchanging the roles of the unprimed and primed world
frames. Consequently, we can write the tensor law
W ′abcd = ∆WWabcd. (2.21)
In the contravariant case, we similarly obtain
U ′0123 = (∆W )
−1U0123 ⇒ U ′abcd = (∆W )−1Uabcd. (2.22)
Any numerical quantities that undergo the same laws as the components occur-
ring in (2.20) and (2.22) are called world-scalar densities of weights +1 and −1,
respectively. A world-scalar density D of weight w in M is thus defined as a
quantity which transforms as
D′ = (∆W )
wD. (2.23)
The value of the weight of any world density remains conventionally unaffected
under the interchange ∆W ↔ δW . Thus, the right-hand side of Eq. (2.23) may
be rewritten as (δW )
−wD. An important world-scalar density of weight +2 is
the determinant g of gab. In effect, we have
g′ + 4!g′0[0g
′
|1|1g
′
|2|2g
′
|3|3] = (∆W )
2g. (2.24)
Arbitrary world-tensor densities are defined as outer products between ten-
sors and scalar densities. The valences of such densities are specified in terms of
those borne by the objects which enter into the products in much the same way
as for the case of world tensors. Any product between world-tensor densities
carries a weight which equals the sum of the weights of the factors involved.
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Evidently, a tensor can be particularly viewed as a world-tensor density whose
weight equals zero. Hence, for a world-tensor density Y of valence {p, q} and
weight w in M, we have the homogeneous transformation law
Y′a...b
k...s = (∆W )
w(∂′ax
h)...(∂′bx
j)(∂mx
′k)...(∂nx
′s)Yh...j
m...n. (2.25)
World tensors can be naively constructed by performing outer products between
suitable world densities. A very useful example is afforded by
eabcd = (−g)1/2Eabcd, eabcd = (−g)−1/2Eabcd, (2.26)
where the E-objects are the alternating Levi-Civita world densities in M. We
thus have the laws
e′abcd = ∆W eabcd, e
′abcd = (∆W )
−1eabcd, (2.27a)
together with the invariance properties
E′abcd = (∆W )
−1(∂′ax
h)(∂′bx
j)(∂′cx
k)(∂′dx
s)Ehjks = Eabcd (2.27b)
and
E′abcd = ∆W (∂hx
′a)(∂jx
′b)(∂kx
′c)(∂sx
′d)Ehjks = Eabcd, (2.27c)
whence either of the E-densities possesses only one independent world-scalar
component which is usually taken as a constant.6 These densities are frequently
utilized to define dual world tensors and write formal expressions for determi-
nants. For example,
∗Rabcd =
1
2
(−g)1/2EabksRkscd (2.28a)
and
∆W =
1
4!
Eabcd(∂′ax
h)(∂′bx
j)(∂′cx
k)(∂′dx
s)Ehjks, (2.28b)
where ∗Rabcd is the so-called first-left dual of Rabcd. Of course, the value of ∆W
as given by (2.28b) is invariant under the kernel-letter replacement E 7→ e. By
making use of the dualization schemes exhibited in Ref. [12], one can reexpress
the properties (2.13b) and (2.15a) as
∗Rab
bc = 0, ∇a∗Rabcd = 0. (2.29)
The construction of covariant derivatives of world densities inM is also based
upon the patterns of covariant differentials of totally antisymmetric world ten-
sors of valences {0, 4} and {4, 0}. In order to achieve the relevant configurations,
it suffices to consider the case of either valence. The crucial point as regards
this construction is that the expansion (2.6) for either of the tensors (2.21) and
(2.22) turns out to be simplified when we implement the total skewness. For
Wabcd, say, we get
∇aWbcdh = ∂aWbcdh − 4Γa[hmWbcd]m, (2.30a)
6The usual E-densities satisfy the invariant relation EabcdE
hjks = 4!δa[hδb
jδckδd
s].
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which, after some index manipulations, yields
∇aWbcdh = ∂aWbcdh − ΓaWbcdh, (2.30b)
with
Γa + Γab
b = ∂a log(−g)1/2, (2.30c)
and the relations (2.9) having been accounted for. Working out the covariant
derivative of Uabcd leads to a structure which can be built up from Eqs. (2.30)
by rearranging indices and substituting (−g)−1/2 for (−g)1/2, namely
∇aU bcdh = ∂aU bcdh + ΓaU bcdh. (2.31)
When written out explicitly in terms ofW0123 and U
0123, the expansions (2.30b)
and (2.31) provide us with the ∇-patterns for world-scalar densities of weights
+1 and −1, respectively. For the density (2.23), we thus define
∇aD = ∂aD− wΓaD, (2.32)
whence allowing for a tensor density like
Ya...b
k...s = DYa...b
k...s, (2.33)
and utilizing the Leibniz rule, gives the covariant expansion for the case of
weight w and arbitrary valence. For instance,
∇aYbc = ∂aYbc − ΓabhYhc + ΓahcYbh − wΓaYbc, (2.34a)
which thus conforms to the generalized law
∇′aY′b...ck...s = (∆W )w(∂′axh)(∂′bxj)...(∂′cxr)(∂mx′k)...(∂nx′s)∇hYj...rm...n.
(2.34b)
We can now recall (2.30c) to obtain the integrability condition
[∇a,∇b]D = 2D∇[a(D−1∇b]D) = (−2wD)∂[aΓb] = (−wD)Rabhh ≡ 0, (2.35)
whence the commutator expansions for world-tensor densities are formally the
same as the ones for world tensors. As an example, we have
[∇a,∇b]Ycd = RabmdYcm −RabcmYmd. (2.36)
An immediate consequence of Eq. (2.32) is the covariant constancy of the
density (−g)N , with N being any real number. It should be clear that this
result comes out of the applicability of (2.30c). We have, in effect,
∇a(−g)N = 0. (2.37)
It follows that, by invoking (2.9a) and (2.37), we obtain the combined formulae
∇a[(−g)gbc) = 0 (2.38a)
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and
gbc∂a[(−g)−1/4gbc] = 0, gbc∂a[(−g)1/4gbc] = 0. (2.38b)
Equation (2.37) can likewise be employed for establishing the useful contracted
relation
∇a[(−g)1/2Uabcd] = ∂a[(−g)1/2Uabcd], (2.39a)
which produces the famous divergence formula
∇aua = (−g)−1/2∂a[(−g)1/2ua]. (2.39b)
Hence, both of Eabcd and eabcd bear covariant constancy, that is to say,
∇aEbcdh = 0⇔ ∇aebcdh = 0. (2.40)
2.3 Einstein’s Equations
In vacuum, Einstein’s equations without cosmological terms emerge out of the
variational principle [35-39]
δ
∫
Ω
(−g)1/2Rd4x = 0, (2.41a)
where Ω stands for a bounded region in M whose closure is compact, and
d4x =
1
4!
Eabcddx
a ∧ dxb ∧ dxc ∧ dxd (2.41b)
defines an elementary volume-density in Ω. Presumably, the metric variation
δgab is taken as an arbitrary quantity that vanishes on the boundary of Ω. The
components of the functional derivative of (−g)1/2R thus appear as functions of
gab, ∂agbc and ∂a∂bgcd, with the derivative itself being given by the gravitational
density
Gab = (−g)1/2Gab, (2.42)
where Gab is the Einstein tensor. This tensor can be obtained by operating on
Rab with the trace-reversal operator τˆ which is defined by
7
Gab = τˆRab + Rab − 1
2
Rgab. (2.43)
Equations (2.15d) and (2.37) tell us that both Gab and Gab possess the diver-
gencelessness property
∇aGab = 0, ∇aGab = 0. (2.44)
Accordingly, the field equations associated to the statement (2.41a) are written
as
Rab = 0⇔ Gab = 0, (2.45)
7The operator τˆ reverses the signs of traces, but it preserves symmetry. It is linear and
possesses the involutory property τˆ2 = identity. In particular, G = −R.
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in which case both Rab and Gab bear tracelessness.
A notable procedure [12] for introducing a cosmological term into Eqs. (2.45)
involves the utilization of the splitting relation
Rab = (−2)Ξab + 6κgab, (2.46)
with the quantity (−2)Ξab being identified with the trace-free part of Rab such
that R + 24κ (see Eq. (2.48) below). Thus, Eqs. (2.45) must be replaced with
either of the equivalent statements
Rab − 6κgab = 0 (2.47a)
and
(−2)Ξab = Gab + 6κgab = 0. (2.47b)
The relation (2.46) can be reexpressed in a somewhat formal way by defining
an operator sˆ as8
sˆRab + Rab − 1
4
Rgab ⇒ sˆRab + (−2)Ξab. (2.48)
Therefore, applying sˆ to Gab yields the symbolic relationships
sˆGab = sˆτˆRab = τˆ sˆRab = sˆRab, (2.49)
while Eqs. (2.47) become
Rab − λgab = 0⇔ Gab + λgab = 0, (2.50)
where λ = 6κ is the cosmological constant.
In the presence of sources, Eqs. (2.50) have to be modified to
Rab − (12κ − λ)gab = −κTab (2.51)
and
Gab + λgab = −κTab, (2.52)
where Tab amounts to the world version of the energy-momentum tensor of the
sources, and κ is the Einstein gravitational constant. Hence, transvecting with
gab either of Eqs. (2.51) and (2.52), yields the extended trace relation
κ =
1
6
λ+
1
24
κT, (2.53)
which particularly means that the suppression of the cosmological context must
just be ruled by the vanishing of λ. It turns out that the full field equations are
written as
2Ξab = κ(Tab − 1
4
Tgab), (2.54a)
8The operator sˆ picks out the trace-free part of any world configurations of valences {0, 2}
and {2, 0}. It is linear and commutes with τˆ . It also satisfies sˆτˆ + τˆ sˆ = 2sˆ and sˆn = sˆ for any
integer n.
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which amount to the same thing as
Ξab =
κ
2
sˆTab. (2.54b)
In the case of a trace-free Tab, Eqs. (2.54) get simplified to
Ξab =
κ
2
Tab. (2.55)
3 SPIN-AFFINE GEOMETRY
A natural procedure for bringing spinor covariant differentials in M consists in
carrying out affine displacements from one spin space to another, which absorb
the same geometric definition as the one for the world situation. It appears that
a set of world-spin affine correlations may be most easily attainable by combining
the strongly required covariant constancy of the Hermitian connecting objects
for the γ-formalism and the covariant Leibniz expansion of an appropriate spin-
tensor outer product associated to a null world vector. It was originally realized
[5] that contracted spin affinities carrying nowhere-vanishing imaginary parts
should be introduced into the γε-framework because of the necessity of bal-
ancing the overall numbers of independent world-spin affine components. The
expression for a spin affinity of either formalism can consequently be obtained
by first performing an appropriate index-splitting of Γabc, and then calling for
the corresponding world covariant derivative patterns. An allowable spin-affine
connexion is thus made out of the spinor versions of both Γa[bc] and the traceful
part of Γa(bc). In either formalism, the former Γ-contribution supplies the sym-
metric part of a general two-piece spinor splitting which has to be added to a
non-Hermitian partial derivative. In the γ-formalism, the latter Γ-contribution
makes up the scalar-density prescription for the absolute value of a spin-metric
function as brought up in Section 1. A recovery of the real part of a contracted
spin affinity for the γ-formalism can be accomplished from such configurations,
but the feasibility of such a recovery ceases happening when the metric limit-
ing situation that yields the affine computational devices for the ε-formalism
is implemented. The spacetime information carried by the metric spinors of
the γ-formalism is usually extracted from their partial derivatives and brought
out by a set of world-covariant vectors. One then becomes able to derive in
an elegant way a classical relationship involving the metric quantities of the
γ-formalism and the parts of the respective contracted spin-affine structures.
It is worth stressing that the completion of this derivation does not depend
upon the choice of any expression for the torsion freeness of ∇a. The absolute
value and polar argument of the complex-valued function that defines a basic
γ-metric component accordingly appear as world scalars, the absolute value be-
ing formally given as the product of two world-scalar densities. It is shown in
Ref. [10] that the information on one of these densities is totally contained in
a suitably contracted partial derivative of an Hermitian connecting object for
the γ-formalism, whereas the information on the other is carried by g, with the
former density having to be thought of as bearing a double world-spin character.
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Before completing the geometric specifications of the metric spinors and con-
necting objects for the ε-formalism, we will have to call upon the result that
any non-vanishing totally antisymmetric spin quantity is proportional in the
case of either formalism to one of the respective metric spinors. Such speci-
fications come all from a description of the gauge transformation laws for the
metric spinors of both formalisms. The usual definition of spin densities [7, 8] is
shaped upon the one which is adopted in the world framework. It turns out that
all metric and spin-affine prescriptions have ultimately to be combined together
with the world invariance of the metric spinors. The full geometric characteri-
zation of the systems of eigenvalue equations mentioned in Section 1, emerges
from the combination of the covariant constancy of gab with the standard rela-
tionships between the metric and connecting objects for the γ-formalism. We
will place emphasis on the fact that the eigenvalues carried by these equations
may supply a technique for controlling the gauge behaviours of the quantities
involved in the limiting process. The procedures concerning the specification of
the gauge behaviours of spin-affine connexions afford certain differential devices
which enable one to mix up and keep track of gauge frames when computing
covariant derivatives in the γ-formalism.
Subsection 3.1 exhibits the definitions of the metric spinors and connecting
objects for both formalisms. In Subsection 3.2, the gauge behaviours of the ba-
sic objects for the ε-formalism are specified in conjunction with the definitions
of spin tensors and densities. We shall have to include the definition of densities
that bear a combined world-spin character because of the occurrence of such
an object in the expression for a typical γ-metric component. The definition
of spin affinities along with the relevant covariant derivative patterns and com-
putational devices are shown in Subsection 3.3. All eigenvalue equations and
metric expressions are deduced in Subsection 3.4. The gauge transformation
laws for spin-affine connexions as well as the introduction of the correspondence
principle and a detailed description of the limiting process are considered to-
gether in Subsection 3.5. Gothic letters will also be used to denote weights of
spin densities. Without any risk of confusion, we will utilize the same symbol
as the one for the world-covariant differentials of Section 2 upon dealing with
covariant derivatives in both formalisms. It will be understood from now on
that world-spin characters are intrinsic geometric attributes which must not as
such depend upon the implementation of any∇-differentiation. A horizontal bar
lying over some kernel letter will denote the operation of complex conjugation.
3.1 Metric Spinors and Connecting Objects
One of the fundamental metric spinors of the γ-formalism is taken as a spin
tensor of valence {0, 2; 0, 0}, which bears skewness and invariance under world-
coordinate transformations. We have, in effect,
(γAB) =
(
0 γ
−γ 0
)
, γ =| γ | exp(iΦ). (3.1)
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Either entry of the pair (| γ |,Φ) is a smooth real-valued function on M, and
| γ |6= 0 everywhere. The inverse of (γAB) appears as a world-invariant spin
tensor of valence {2, 0; 0, 0}, which is set as
(γAB) =
(
0 γ−1
−γ−1 0
)
. (3.2)
We have the component relationships
γAB = γεAB, γ
AB = γ−1εAB, (3.3)
with
(εAB) = (εA′B′) =
(
0 1
−1 0
)
= (εAB) = (εA
′B′), (3.4)
being the metric spinors for the ε-formalism, which are likewise taken to bear
world invariance. Hence, the independent component γ of γAB is a world scalar.
9
It will be shown in Subsection 3.2 that the ε-metric spinors bear a natural gauge-
invariance property, whence we can say that Eq. (3.4) defines the only metric
spinors that occur in the ε-formalism. We have the useful relations
MCBMCA =MA
B = −MBA, (3.5a)
where the kernel letter M stands here as elsewhere for either γ or ε, and
(MA
B) + (δA
B) =
(
1 0
0 1
)
. (3.5b)
The metric spinors and their complex conjugates serve particularly for low-
ering and raising indices of arbitrary spinor and world-spin quantities. For some
elementary spinor νA, for instance, we have the upper-lower-index prescriptions
νA = γABνB, νA = ν
BγBA ⇔ ν0 = −γν1, ν1 = γν0 (3.6a)
and
νA = εABνB, νA = ν
BεBA ⇔ ν0 = −ν1, ν1 = ν0. (3.6b)
The processes of lowering and raising spinor indices in the γ-formalism always
preserve intrinsic spin characters because of the spin-tensor character of the met-
ric configurations (3.1) and (3.2). It will be emphasized in Subsection 3.2 that
the action of the ε-metric spinors does not generally retain the spin characters
of the former objects. However, in view of the world invariance of the structures
(3.1)-(3.4), the world characters of any spin objects will remain unchanged when
we implement the action of the metric spinors for either formalism.
The connecting objects of the γ-formalism are defined as
2σAA′(aσ
BA′
b) = γA
Bgab, (3.7a)
9The gauge specification of γ will be given in Subsection 3.2.
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or, alternatively, as the complex conjugate of (3.7a). Similarly, for the ε-
formalism, we have
2ΣAA′(aΣ
BA′
b) = εA
Bgab. (3.7b)
All the entries of the set10
H = {SaAA′ , SaAA′ , SAA
′
a , S
aAA′}, (3.8)
are components of Hermitian (2 × 2)-matrices that depend smoothly upon xa.
The ordering of the indices carried by any S-symbol is immaterial as unprimed
and primed spinor indices supposedly take algebraically independent values here.
We should notice that the Hermiticity of the elements of the set (3.8) is lost
when we let their spinor indices share out both stairs. Hence, manipulating
the spinor indices of Eqs. (3.7) suitably, and symmetrizing both sides over AB,
yields the property
S
(A
aA′S
B)A′
b = S
(A
A′[aS
B)A′
b] = S
A
A′[aS
BA′
b] , (3.9a)
and, consequently, we can also write
SAA′[aS
AA′
b] = 0⇔ SaAA′SAA
′
b = SAA′(aS
AA′
b) . (3.9b)
The index configurations of (3.9) can be worked out so as to give the contracted
commutator
[SAaA′ , S
BA′
b ] = 0, (3.10a)
which leads to the relations
S
a(A
A′ S
B)A′
a = 0⇔ SaAA′ SBA
′
a = S
a[A
A′ S
B]A′
a . (3.10b)
In either formalism, the pertinent S-objects provide a one-to-one correspon-
dence between world and spin objects, which is written in terms of adequate
outer products.11 Some notable examples are the following:
gab = S
AA′
a S
BB′
b MABMA′B′ , MABMA′B′ = S
a
AA′S
b
BB′gab (3.11a)
and
∂a = S
AA′
a ∂AA′ . (3.11b)
Thus, the spinor structure that corresponds to Eq. (2.26) is expressed by [12]
eAA′BB′CC′DD′ = i(MACMBDMA′D′MB′C′ −MADMBCMA′C′MB′D′),
(3.12a)
which agrees with the trivial identities
M[ABMC]D ≡ 0 (3.12b)
10Henceforth, the kernel letter S will denote either σ or Σ.
11This correspondence does not apply to xa, but it naturally applies to dxa.
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and
MA(BMC)D =M(A|BMC|D) =MB(AMD)C . (3.12c)
The combination of (3.3) and (3.11) produces the Hermitian associations
σaAA′ =| γ | ΣaAA′ , σaAA
′
=| γ |−1 ΣaAA′ , (3.13a)
along with the lower-world-index ones. An example of a σΣ-association in the
non-Hermitian case is given by
σA
′
aA = exp(iΦ)Σ
A′
aA. (3.13b)
It was said in Section 1 that any connecting object for either formalism
is thought of as a vector as regards world-coordinate transformations, whence
any outer products of S-objects must bear a world-tensor character. It follows
that any spinor associated to a world tensor will behave as a scalar if only
transformations belonging to the mapping group of M are performed. Likewise,
since all the connecting objects for the γ-formalism are also considered as spin
tensors, any couplings of σ-objects with purely world quantities will surely yield
spin tensors, but this generally fails to hold for the case of the ε-formalism.
3.2 Spin Tensors and Densities
The generalized gauge group [5, 6] consists of the set of all non-singular complex
(2× 2)-matrices (ΛAB) whose components are prescribed as12
ΛA
B =
√
ρ exp(iθ)δA
B. (3.14a)
In Eq. (3.14a), ρ is a positive-definite differentiable real-valued function of xa
and θ amounts to the gauge parameter of the group, which is usually taken as an
arbitrary differentiable real-valued function on M. This group operates locally
on the spin spaces of M, independently of the effective action of the spacetime
mapping group. For the determinant of (ΛA
B), we have the expression
det(ΛA
B) + ∆Λ = ρ exp(2iθ), (3.14b)
whence
ΛA
BΛC
D = ∆ΛδA
BδC
D, (3.14c)
and ρ +| ∆Λ |. Any spin scalar is defined as a numerical quantity that is
invariant under gauge transformations. By definition, one of the simplest in-
dexed spin tensors is an unprimed covariant spin vector which undergoes the
transformation law
ξ′A = ΛA
BξB. (3.15a)
Hence, requiring the inner product ζAξA to be gauge invariant, yields the basic
unprimed contravariant law
ζ′A = ζBΛ−1B
A. (3.15b)
12The symbol δA
B denotes the spinor Kronecker delta such as in (3.5b).
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Obviously, the transformation laws for primed spin vectors take up either the
complex conjugate matrix (ΛA′
B′) or its inverse.
The defining transformation laws for spin tensors of arbitrary valences are
usually obtained by performing outer products between spin vectors and ap-
plying appropriately the prescriptions (3.15). Thus, the spin-tensor character
of the metric and connecting objects for the γ-formalism is brought out by the
covariant and contravariant configurations
γ′AB = ΛA
CΛB
DγCD, γ
′AB = γCDΛ−1C
AΛ−1D
B (3.16)
and
σ′aAA′ = ΛA
BΛA′
B′σaBB′ , σ
′aAA′ = σaBB
′
Λ−1B
AΛ−1B′
A′ , (3.17)
along with their complex conjugates and the lower-world-index versions. By
virtue of (3.14c), the laws (3.16) and (3.17) can be rewritten as
γ′AB = ∆ΛγAB, γ
′AB = δΛγ
AB (3.18)
and13
σ′aAA′ =| ∆Λ | σaAA′ , σ′aAA
′
=| ∆Λ |−1 σaAA
′
, (3.19)
with δΛ + (∆Λ)
−1. For the non-Hermitian σ-objects, we have, for instance,
σ′BaA′ = ΛA′
B′σCaB′Λ
−1
C
B ⇔ σ′BaA′ = exp(−2iθ)σBaA′ . (3.20)
Inasmuch as the spin spaces of M are all two-dimensional, the only useful
totally antisymmetric spin objects bear two indices of the same type. In the
spin-tensor case, such an object ηAB has the form
ηAB = η[AB] =
1
2
ηγAB, (3.21)
with η = ηC
C thus being a spin scalar. Traditionally [1, 5], the definitions of
complex spin-scalar densities of weights +1 and −1 were obtained from the com-
bination of the transformation laws (3.18) with the prescription (3.21) and its
contravariant version. Such entities thus undergo the same gauge transforma-
tion laws as the individual independent components of γAB or γ
AB, respectively.
For a complex spin-scalar density α of weight w, we have the extended definition
α′ = (∆Λ)
wα. (3.22)
It is clear that the action of the operation of complex conjugation on spin-scalar
densities can be defined as an interchange involving the non-vanishing unprimed
and primed γ-metric components. The complex conjugate of α is sometimes
called [5] a spin-scalar density of antiweight w. Performing outer products be-
tween these densities produces other spin-scalar densities whose weights and
13Our choices of world and spin frames are somehow reversed.
21
antiweights equal the sums of the corresponding attributes carried by the cou-
plings. Therefore, a spin-scalar density β of weight a and antiweight b transforms
as
β′ = (∆Λ)
a(∆¯Λ)
bβ. (3.23a)
When a = b, the density β is said to bear an absolute weight 2a, whence it
would behave under gauge transformations as
β′ =| ∆Λ |2a β. (3.23b)
Then, spin-scalar densities of absolute weights ±1 are subject to the same trans-
formation laws as the components of the connecting objects involved in (3.19).
The pattern (3.23a) may be specialized still further in case Hermiticity is re-
quired to be preserved under gauge transformations. Consequently, any real
spin-scalar density must bear an absolute weight. It is of some interest to take
into consideration spin-scalar densities that simultaneously bear weights, anti-
weights as well as absolute weights. For such a composite density A˘, we have
the prescription
A˘′ = (∆Λ)
a(∆¯Λ)
b | ∆Λ |c A˘. (3.24)
Arbitrary spin-tensor densities were originally defined [7, 8] as outer prod-
ucts between spin tensors and scalar densities, in formal analogy with the world
situation. Conventionally, the entries of the arrays that specify the valences
of outer products between any spin-tensor densities are taken as the sums of
the corresponding entries of the valences borne by the involved coupled tensors,
while the overall weights and antiweights are prescribed in the same way as for
coupled spin-scalar densities. In particular, any Hermitian spin-tensor density
must be viewed as the product of an Hermitian tensor with a real spin-scalar
density. Of course, we can occasionally build up spin tensors by performing
products that carry suitable spin scalar and tensor densities. Configurations
that possess a mixed world-spin density character can also be constructed by
performing outer products between world and spin densities. Particularly inter-
esting world-spin scalar densities have the form (−g)Nα.
The easiest procedure for bringing forward the gauge characters of the ε-
metric spinors involves the combination of Eqs. (3.3) and (3.18). In effect, we
have the laws
ε′AB = (∆Λ)
−1ΛA
CΛB
DεCD = εAB (3.25a)
and
ε′AB = ∆Λε
CDΛ−1C
AΛ−1D
B = εAB, (3.25b)
along with their complex conjugates. It follows that we can write down the
conjugate schemes
εAB → invariant spin-tensor density of weight − 1
εAB → invariant spin-tensor density of weight + 1
and
εA′B′ → invariant spin-tensor density of antiweight − 1
εA
′B′ → invariant spin-tensor density of antiweight + 1.
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Any metric spinor for the ε-formalism can then be considered as a spin Levi-
Civita symbol. It should be stressed by this point that ∆Λ is formally expressed
in both formalisms as14
∆Λ =
1
2
MABΛA
CΛB
DMCD. (3.26)
Whereas the metric components (γ, γ−1) and (γ, γ−1) thus have to be regarded
as spin-scalar densities of weights (+1,−1) and antiweights (+1,−1), the abso-
lute values (| γ |, | γ |−1) must be looked upon as real spin-scalar densities of
absolute weights (+1,−1), respectively. In addition, the polar piece exp(iΦ) of
γ must behave as a composite spin-scalar density, namely
exp(iΦ′) = ∆Λ | ∆Λ |−1 exp(iΦ). (3.27)
Accordingly, Eqs. (3.13a) yield at once the Hermitian prescriptions
ΣaAA′ → invariant spin-tensor density of absolute weight − 1
ΣAA
′
a → invariant spin-tensor density of absolute weight + 1.
More explicitly, we have
Σ′aAA′ =| ∆Λ |−1 ΛABΛA′B
′
ΣaBB′ = ΣaAA′ (3.28a)
and
Σ′AA
′
a =| ∆Λ | ΣBB
′
a Λ
−1
B
AΛ−1B′
A′ = ΣAA
′
a . (3.28b)
We can now see that the implementation of (3.16) ensures the preservation
of spin characters when the processes of lowering and raising spinor indices take
place in the γ-formalism. In turn, Eqs. (3.25) and their complex conjugates
show us that the change in the ε-formalism of the spinor-index configuration of
an arbitrary spin object generally produces a modification of the values of the
pertinent weights and antiweights. Hence, correspondences between world and
spin objects in the ε-formalism do not generally involve spin tensors.
3.3 Spin Affinities and Covariant Derivatives
Following the work of Ref. [10], we consider two neighbouring spin spaces of
M which are set up at xa and xa + dxa. A covariant differential of some con-
travariant spin vector ζA is defined as the local difference between the value
of ζA at xa + dxa and the value at xa of the spin vector that results from an
affine displacement of ζA. The patterns of spin displacements were originally
chosen [5] so as to resemble closely the form borne by the ones which occur in
the purely world framework. In either formalism, a typical covariant differential
configuration looks like
DζA = dζA + ϑaB
AζBdxa, (3.29)
14The expression (3.26) is analogous to (2.28b).
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with ϑaB
A amounting to the unprimed-index spin-affine connexion associated
to the displacement eventually carried out. For the corresponding covariant
derivative, we have
∇aζA = ∂aζA + ϑaBAζB. (3.30)
Either D-differential of a covariant spin vector ξA can be rapidly obtained from
(3.29) by taking for granted the Leibniz rule and demanding that
D(ζAξA) = d(ζ
AξA), (3.31)
whence we also have
∇aξA = ∂aξA − ϑaABξB, (3.32)
together with the complex conjugates of the prescriptions (3.30) and (3.32).
We stress that each of the pieces which occur on the right-hand sides of Eqs.
(3.30) and (3.32) must behave covariantly under the action of the manifold
mapping group of M, in contrast with the world situation. As for the world
case, covariant derivatives of spin tensors of arbitrary valences can be obtained
by allowing for outer products between spin vectors and carrying out Leibniz
expansions thereof.
World and spin displacements in M turn out to be induced by each other
when the covariant constancy requirement
DSaAA′ = 0 (3.33)
is implemented. Whenever a tensor quantity that carries both world and spin
indices is differentiated covariantly in both formalisms, we will thus have to
incorporate into the pertinent expansions the affine contributions associated
with all the indices borne by the quantity being considered. Any such mixed
expansion must be regarded as a result of the implementation of combined
world-spin displacements in M. In fact, the simplest procedure for establishing
this geometric property of the formalisms just accounts for affine displacements
of the following γ-formalism configuration:
na = σaAA′ζ
AζA
′
, nana = 0. (3.34a)
Hence, writing
Dna = σaAA′D(ζ
AζA
′
), (3.34b)
and performing a Leibniz expansion, yields the correlation [10]
Γbc
anbdxc = σaAA′(γbB
AζBζA
′
+ γbB′
A′ζAζB
′
)dxb − ζAζA′dσaAA′ , (3.34c)
with γaA
B standing for the γ-formalism version of ϑaA
B. It becomes clear that
(3.33) has now to be written out as the vanishing derivative
∇aσbBB′ = ∂aσbBB′ + ΓacbσcBB′ − γaBCσbCB′ − γaB′C
′
σbBC′ . (3.35)
Differentiating covariantly both sides of either of Eqs. (3.11a) then brings about
the metric condition
∇a(γBCγB′C′) = 0, (3.36)
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and, consequently, also its upper-spinor-index version. It follows that any Her-
mitian connecting object for the γ-formalism bears covariant constancy, whence
we have the somewhat important relation
Re(γBC∇aγBC) = 0, (3.37)
together with the one which is obtained from it by interchanging the spinor-
index stairs. Since ∇aδCD = 0 invariantly, we also obtain
γBD∇aγBC + γBC∇aγBD = 0. (3.38)
In both formalisms, Eq. (3.33) ensures a recovery of covariant differential
patterns for world tensors from those for Hermitian spin tensors. It becomes
imperative in any case to regularize the number of spin-affine components so as
to attain a compatible relationship with Γabc. The index configuration of ϑaA
B
supplies 32 real independent components whence the contracted structure ϑaB
B
has to carry explicitly nowhere-vanishing real and imaginary parts. In the γ-
formalism, the real part automatically comes about by expanding the condition
(3.36) and invoking Eq. (3.3) together with its complex conjugate. We have, in
effect,
∇a(γBCγB′C′) = (∂a log | γ |2 −2Re γaDD)γBCγB′C′ , (3.39)
which immediately produces the constraint
Re γaB
B = ∂a log | γ | . (3.40)
It should be noticed that the individual terms of (3.40) bear world covariance as
γ presumably is a world scalar. However, we can not rewrite it by replacing ∂a
with ∇a because of the spin-density character of γ. The original regularization
procedure for the γ-formalism [5] was carried through by implementing by hand
a make-up constraint for γaB
B that involves a prescription of the type
Im γaB
B = (−2)Φa, (3.41)
with Φa being a world vector. What should be emphatically observed in respect
of this situation is that covariant differentials in the γ-formalism of any Hermi-
tian σ-objects, and thence also Eq. (3.39) itself, remain all unaffected15 when
purely imaginary world-covariant quantities like iιaδB
C are added to γaB
C .
Consequently, combining (3.40) and (3.41) yields the structure
γaB
B = −(θa + 2iΦa), (3.42)
with the definition
θa + ∂a log(| γ |−1). (3.43)
When dealing with covariant differentiations in M, we thus have to call for the
affine relationship
ΓAA′BB′CC′ + σsCC′∂AA′σ
s
BB′ = γAA′BCγB′C′ + γAA′B′C′γBC , (3.44a)
15This applies to the ε-framework as well. The regularization procedure for the ε-formalism
will be entertained later in this Section.
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along with the splittings [10]
σaAA′σ
b
BB′σ
c
CC′Γa(bc) = ΓA(BC)A′(B′C′) +
1
4
ΓAA′γBCγB′C′ (3.44b)
and
σaAA′σ
b
BB′σ
c
CC′Γa[bc] = ΘAA′BCγB′C′ +ΘAA′B′C′γBC , (3.44c)
where
ΓA(BC)A′(B′C′) = σ
a
AA′σ
b
BB′σ
c
CC′ sˆΓa(bc), (3.44d)
ΓAA′ + σ
a
AA′Γa = ΓAA′MM ′
MM ′ (3.44e)
and
2ΘAA′BC = σ
a
AA′σ
bD′
(B ∂C)D′gab = ΓA(BC)A′M ′
M ′ = 2ΘAA′(BC), (3.44f)
with the purely world kernel of (3.44d) being given by the trace-free relation
sˆΓa(bc) = Γa(bc) −
1
4
Γagbc. (3.44g)
At this point, we can manipulate the index configuration of (3.44a) to produce
the formulae
ΓA(BC)A′(B′C′) = − σaAA′σs(B(B′∂|a|σsC′)C), (3.45a)
γa(BC) = ΘaBC +
1
2
σB
′
s(B∂|a|σ
s
C)B′ (3.45b)
and
4Re γaB
B = Γa + σ
BB′
s ∂aσ
s
BB′ , (3.45c)
along with the complex conjugate of (3.45b).
For establishing the legitimacy of the splitting (3.44b), it is convenient to
make use of the definition (3.43) to spell out the statement [10]
σbBB′σ
c
CC′∂AA′gbc = −[2θAA′γBCγB′C′ + gbc∂AA′(σbBB′σcCC′)], (3.46a)
which amounts to nothing else but a spinor version of the relation (2.9b). Equa-
tions (3.9) imply that the products of gbc with the partial derivatives of the
crossed pieces
(σb(B[B′σ
c
C′]C), σ
b
[B(B′σ
c
C′)C]), (3.46b)
both vanish, whereas the product that carries the partial derivative of the totally
symmetric piece is given by
gbc∂AA′(σ
b
(B(B′σ
c
C′)C)) = (−2)ΓA(BC)A′(B′C′). (3.46c)
The contribution that involves the totally antisymmetric piece is expressed as
gbc∂AA′(σ
b
[B[B′σ
c
C′]C]) =
1
4
| γ |−2 γBCγB′C′gbc∂AA′(| γ |2 gbc), (3.46d)
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whence fitting pieces together establishes the relevant recovery. We point out
that the torsionlessness condition (2.7) can be expressed as the configuration
Γ(ABC)A′B′C′ = Γ(ABC)(A′B′)C′ = Γ(ABC)C′(A′B′)+2Θ(ABC)(A′γB′)C′ . (3.47a)
Since both of the world Γ-structures of (3.44b) and (3.44c) do not bear symmetry
in a, b, we can say that Eq. (3.44a) does not generally lead to the statement16
γA′(ABC) = 0. (3.47b)
In addition, we can fix up the primed-index symmetry exhibited by the relation
(3.47a) by making use of Eqs. (3.44) and performing the calculation
Γ(ABC)A′B′C′ = Γ(ABC)A′(B′C′) +Θ(ABC)A′γB′C′
=
1
2
(Γ(ABC)A′B′C′ + Γ(ABC)C′(A′B′) +
1
2
Γ(ABC)C′D′
D′γA′B′)
+(Θ(ABC)(A′γB′)C′ −
1
2
Θ(ABC)C′γA′B′)
=
1
2
(Γ(ABC)A′B′C′ + Γ(ABC)C′(A′B′)) + Θ(ABC)(A′γB′)C′ .
The basic γ-formalism device for computing covariant derivatives of spin
densities is traditionally taken as an affine quantity γa that arises out of the
metric prescription [5]
∇aεBC = 0⇔ γa − γaBB = 0. (3.48)
Consequently, γa behaves under changes of coordinates in M as a covariant
vector. It thus occurs in the formal configuration
∇aγBC = ∇a(γεBC) = εBC∇aγ, (3.49a)
and likewise enters the expansion
∇aγ = ∂aγ − γγa, (3.49b)
which constitutes the prototype in the γ-formalism for covariant derivatives
of complex spin-scalar densities of weight +1. Evidently, the right-hand side
of (3.49b) stands for a covariant expansion for the independent component of
γAB. For the density (3.22), we then have
∇aα = ∂aα−wαγa. (3.50)
Needless to say, the computational device that arises from
∇aεB′C′ = 0⇔ γ¯a − γaB′B
′
= 0, (3.51)
16Equation (3.47b) gives rise to typical spin-affine patterns for the class of conformally flat
spacetimes referred to in Section 1.
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appears to be appropriate for the case that involves the complex conjugates
of spin-scalar densities. When differentiating covariantly spin-scalar densities
that bear both weights and antiweights, we must therefore utilize devices pre-
scribed as suitable linear combinations of γa and γ¯a. For the density (3.23a),
for instance, we have
∇aβ = ∂aβ − β(aγa + bγ¯a). (3.52)
If β bears an absolute weight according to (3.23b), we will get
∇aβ = ∂aβ − 2aβRe γa, (3.53a)
that is to say,
∇aβ = ∂aβ + 2aβθa. (3.53b)
Hence, the combination of the definition (3.43) with the expansion
∇a | γ |= ∂a | γ | + | γ | θa, (3.53c)
tells us that | γ | is covariantly constant in the γ-formalism. The affine device
for the spin-scalar density (3.24) is thus prescribed as
∇aA˘ = ∂aA˘− A˘(aγa + bγ¯a + cRe γa). (3.54a)
As an interesting example, we have
∇a[exp(iΦ)] = ∂a[exp(iΦ)]− exp(iΦ)(γa − Re γa)
= i(∂aΦ− Im γa) exp(iΦ)
= i(∂aΦ + 2Φa) exp(iΦ). (3.54b)
Covariant differential patterns for arbitrary spin-tensor densities can be speci-
fied by invoking the outer-product prescriptions given previously. For instance,
setting
UBC...D + βTBC...D, (3.55)
with TBC...D being some spin tensor, yields the expansion
∇aUB... = ∂aUB... − γaBMUM... − ...− (aγa + bγ¯a)UB.... (3.56)
The covariant derivative of ΣaAA′ , say, is thus written down as
∇aΣbBB′ = ∂aΣbBB′ − ΓabcΣcBB′ − γaBMΣbMB′ − γaB′M
′
ΣbBM ′ − θaΣbBB′ .
(3.57)
When combined with (3.13a), the property
∇a | γ |= 0 (3.58)
then enables us to state that the derivative (3.57) vanishes. Therefore, the
prescriptions (3.48) and (3.51) imply that all the other Σ-connecting objects
must also be thought of as bearing covariant constancy in the γ-formalism.
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We see from Eqs. (3.30) and (3.32) that the rules for writing covariant
derivatives in both formalisms are symbolically the same, but a corresponding
spin-affine connexion ΓaB
C and its complex conjugate should effectively take
over the computational role within the ε-formalism. Thus, for an Hermitian
world-spin tensor κbBB′ , we must have the ε-formalism expansion
∇aκbBB′ = ∂aκbBB′ + ΓacbκcBB′ − ΓaBCκbCB′ − ΓaB′C
′
κbBC′ , (3.59a)
which is manifestly invariant under the world-covariant changes
ΓaB
C 7→ ΓaBC + iιaεBC , ΓaB′C
′ 7→ ΓaB′C
′ − iιaεB′C
′
, Re(iιa) = 0. (3.59b)
In Ref. [10], it was observed that a procedure for building up ΓaB
C could
consist in implementing the relationships (3.3) and taking the limit as γ tends
to 1. Putting it into practice would nevertheless entail the annihilation of θa,
whence the numbers of independent components of Γab
c and ΓaB
C would have
to be regularized from the beginning. Accordingly, we must necessarily take up
the contracted prescription [5]
− ReΓaBB = Πa, (3.60)
whence the overall expression for ΓaB
B has to be written as
ΓaB
B = −(Πa + 2iϕa), (3.61)
with Πa and ϕa being world vectors. It is well known [10] that no metric
meaning can be assigned to ReΓaB
B anyway. When considered together with
Eq. (3.43), this fact constitutes one of the structural differences between the
formalisms. The quantities Φa and ϕa enter the schemes [5, 21] as affine elec-
tromagnetic potentials that fulfill the gauge principle, in addition to satisfying
wave equations having the same form. It was shown in Ref. [11] that, in the
presence of electromagnetic fields, the imaginary part of (3.42) may be utilized
in the limiting case for making up ΓaB
B symbolically. When the limiting pro-
cedure is implemented in the absence of fields, Φa turns out to vanish in some
gauge frame. We will describe the limiting process at greater length later upon
specifying the gauge behaviours of typical spin-affine structures.
The right-hand side of the tensor relation (3.21) is also proportional to τεAB,
with τ amounting to a complex spin-scalar density of weight +1 given as γη.
Thus, we can write down the expansion
∇a(τεBC) = ∂a(τεBC)− τΓaDDεBC
= (∂aτ − τΓaDD)εBC = (∇aτ )εBC , (3.62)
which leads us to stating that the set of affine computational devices for the
ε-formalism can be entirely obtained in any gauge frame from that for the γ-
formalism just by making the simultaneous replacements
θa → Πa, Φa → ϕa. (3.63)
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We stress that the prescription (3.60) emerges from
∇a(εBCεB′C′) = 0, (3.64)
whilst Eq. (3.33) appears as the vanishing derivative
∇aΣbBB′ = ∂aΣbBB′ +ΓacbΣcBB′−ΓaBCΣbCB′−ΓaB′C
′
ΣbBC′−ΠaΣbBB′ . (3.65a)
It follows that the ε-formalism counterpart of (3.34c) is given by
Γbc
anc = ΣaAA′(ΓbB
AζBζA
′
+ ΓbB′
A′ζAζB
′
)− ζAζA′∂bΣaAA′ +Πbna. (3.65b)
The recovery in the ε-formalism of covariant differential patterns for arbi-
trary world tensors may be achieved from the requirements
∇aub = ΣbBB′∇auBB
′ ⇔ ∇auBB
′
= ΣBB
′
b ∇aub, (3.66)
where ub amounts to a world vector and uBB
′
is an Hermitian spin-tensor density
of absolute weight +1. Some manipulations involving rearrangements of index
configurations then yield the affine relationship
ΓAA′BB′CC′+ΣsCC′∂AA′Σ
s
BB′ = ΓAA′BCεB′C′+ΓAA′B′C′εBC+ΠAA′εBCεB′C′ ,
(3.67a)
where
ΓAA′BB′CC′ = Σ
a
AA′Σ
b
BB′Σ
c
CC′Γabc, ∂AA′ = Σ
a
AA′∂a. (3.67b)
Equations (3.67) exhibit the world covariance of ΓaBC and its complex conju-
gate. The piece ΓA(BC)A′(B′C′) and the spinor version of Γa[bc] arising here are
both formally the same as the ones expressed by (3.45). Also, the expression
(3.47a) for the torsionlessness of ∇a still holds formally, but the traceful part of
Γa(bc) is now subject to
Γa +Σ
BB′
s ∂aΣ
s
BB′ = 0. (3.68)
Transvecting (3.67a) with εBCεB
′C′ establishes the appropriateness of the con-
dition (3.68). Likewise, recalling (3.13a) and (3.43) brings back the γ-formalism
equality
| γ |−3 σaAA′σbBB′σcCC′Γabc+ | γ |−2 σsCC′∂AA′(| γ |−1 σsBB′)
=| γ |−3 (γAA′BCγB′C′ + γAA′B′C′γBC + θAA′γBCγB′C′), (3.69)
provided that
σaAA′σ
b
BB′σ
c
CC′Γabc =| γ |3 ΣaAA′ΣbBB′ΣcCC′Γabc. (3.70)
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3.4 Eigenvalue Equations and Metric Expressions
The covariant constancy of the ε-metric spinors allows the implementation of
the γ-formalism statement
∇aγBC = (γ−1∇aγ)γBC , (3.71)
which, when combined with (3.49b), yields the expansion
∇aγBC = (∂a log γ − γa)γBC . (3.72)
Equations (3.1) and (3.2) then give the coupled eigenvalue equations [5, 21]
∇aγBC = i(∂aΦ+ 2Φa)γBC (3.73a)
and
∇aγBC = (−i)(∂aΦ+ 2Φa)γBC , (3.73b)
along with their complex conjugates. By working out the right-hand side of
(3.71), we see that the expansion (3.72) is consistent with Eqs. (3.3), (3.54) and
(3.58), that is to say,
γ−1∇aγ = 1
2
γBC∇aγBC = γ−1∇a[| γ | exp(iΦ)]
= exp(−iΦ)∇a exp(iΦ). (3.74)
It should be evident that the occurrence in Eqs. (3.73) of purely imaginary
eigenvalues, is associated to a property of the γ-formalism which had been ex-
hibited by the conditions (3.36) and (3.37).
It is observed in Ref. [10] that the partial derivative carried implicitly by
the left-hand side of (3.71) can be isolated by utilizing the outer-product device
θaγBC = (i∂aΦ)γBC − ∂aγBC , (3.75a)
which comes from the computational prescription
θaγBC = γBC∂a log[γ
−1 exp(iΦ)] = γ(∂aγ
−1)γBC + (i∂aΦ)γBC
= γ[∂a(γ
−1γBC)− γ−1∂aγBC ] + (i∂aΦ)γBC . (3.75b)
Thus, part of the information contained in ∂aγBC gets annihilated by the in-
formation carried by θaγBC when we bring together the individual pieces of
∇aγBC . This procedure gives rise to the following ∂-equations:
∂aγBC = (i∂aΦ− θa)γBC , ∂aγBC = (θa − i∂aΦ)γBC (3.76)
and
∂a(γBCγB′C′) = (−2θa)γBCγB′C′ , ∂a(γBCγB
′C′) = 2θaγ
BCγB
′C′ . (3.77)
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The eigenvalue carried by one of Eqs. (3.76) equals ∂a log γ whence we can
express the parts of the contracted spin-affine connexion (3.42) as
θa =
1
2
Re[γBC(∇a − ∂a)γBC ] (3.78a)
and17
2Φa =
1
2
Im[γBC(∇a − ∂a)γBC ]. (3.78b)
A system of covariant eigenvalue equations for the non-Hermitian σ-objects
arises from Eqs. (3.33) and (3.73). For bringing out the pattern of a typical
eigenvalue, it suffices to derive the equation for any element of either of the
conjugate pairs
{(σA′bB,ΣA
′
bB), (σ
A
bB′ ,Σ
A
bB′)}.
Thus, taking account of the prescription, say,
∇aσA
′
bB = σ
AA′
b ∇aγAB, (3.79)
and employing the expansion
∇aσA
′
bB = [∇a exp(iΦ)]ΣA
′
bB + exp(iΦ)∇aΣA
′
bB, (3.80)
yields
∇aσA
′
bB = i(∂aΦ + 2Φa)σ
A′
bB. (3.81)
It should be noticed that (3.80) and (3.81) imply that
∇aΣA
′
bB = 0, (3.82)
in agreement with the covariant constancy property of the Σ-objects.
The information on the spin-affine pieces θa and Φa is encoded into Eq.
(3.71). In case γ is taken as a covariantly constant quantity in the γ-formalism,
we may recover the expression (3.43) and achieve a metric specification of Φa
that enhances the absence of electromagnetic fields, namely [5]
(−2)Φa = ∂aΦ = ∇aΦ. (3.83)
To characterize this situation in an invariant way, one should implement the
condition
∇aγBC = 0, (3.84)
which evidently produces a commutativity property involving the action of the
metric spinors for the γ-formalism and the action of the respective ∇-operator.
Equation (3.84) appears as a necessary and sufficient condition for the non-
Hermitian σ-objects to bear covariant constancy. A somewhat elegant procedure
for illustrating the above statements [10], amounts to letting ∂a act on the matrix
17It can be established from Eqs. (3.78) that the world covariance of γaB
C rests crucially
upon the world invariance of the γ-metric spinors.
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configuration for γBC , while making use of a matrix form of (3.84). In effect,
we have (
0 ∂aγ
−∂aγ 0
)
=
(
0 γγaB
B
−γγaBB 0
)
, (3.85a)
whence, in view of (3.49b), we are unambiguously led to
γa = ∂a log γ ⇔ ∇aγ = 0. (3.85b)
Equation (3.85b) can be alternatively derived by partially differentiating both
sides of the relations (3.3). We thus obtain the intermediate-stage configurations
γ∂aγBC − (∂aγ)γBC = γ2∂a(γ−1γBC) = 0, (3.86a)
which exhibit the gauge-invariant property18
∂aεBC = 0. (3.86b)
We can accordingly reset Eqs. (3.76) as follows
∂a log γ =
1
2
γBC∂aγBC . (3.86c)
Apparently, the only procedure for extracting the spacetime-metric informa-
tion carried by γaB
B is associated to the implementation of the affine prescrip-
tion (3.45c). With regard to this observation, the key idea is to introduce the
definition
∂a logµ + σ
BB′
b ∂aσ
b
BB′ , (3.87)
with µ thus standing for a mixed real-scalar density of world weight −1 and
absolute weight +4. Hence, recalling (3.43) yields the general expressions
| γ |4= µ(−g)1/2 (3.88a)
and
(−4)θa = ∂a log[µ(−g)1/2]. (3.88b)
We should observe that the world-spin character of the derivative carried by
the right-hand side of (3.87) can be clearly fixed by contracting with σBB
′
b the
configuration19
∂aσ
b
BB′ = γaB
CσbCB′ + γaB′
C′σbBC′ − ΓacbσcBB′ , (3.89)
which arises from Eq. (3.35) and likewise reinstates the relation (3.45c). If use
is made of both (2.37) and (3.58), we will then conclude that µ has to satisfy
the covariant condition
∇aµ = 0. (3.90)
18We stress that the operator ∂a is gauge invariant since arbitrary coordinates on M do not
bear any spin character at all.
19Equation (3.87) is compatible with the world-affine transformation laws in M.
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If the limit as the pair (| γ |,Φ) tends to (1, 0) is carried out, the eigenvalues
borne by Eqs. (3.73) will turn out to equal ±2iΦa. Consequently, because of
the ∇-constancy property of the ε-metric spinors, the behaviour of the left-hand
sides of those equations can be controlled by the expansion (3.49b). As provided
by the eigenvalue equations (3.76), the description of the limiting process is
based on the gauge-invariant ∂-constancy of the ε-metric spinors, which implies
that the individual pieces of both eigenvalues tend to zero when the limit is
actually implemented. Taking up covariantly constant γ-metric spinors would
thus make Φa into a vanishing gradient, and the outcome of the limit of γaB
B
would appear as a useless quantity. Therefore, if Φa is taken as a gradient,
we will have to reconstruct the contracted affine structures for the ε-formalism
apart from the ones for the γ-formalism, but ϕa will have to carry a gradient
character as well insofar as any shift from one formalism to the other must
not produce any electromagnetic fields. In case the γ-metric spinors are taken
to have non-vanishing covariant derivatives, the form of the imaginary part of
γaB
B would be left unchanged. However, we should still have to take account of
(3.60) in order to recover ΓaB
B. We will elaborate further upon this situation
in the following Subsection.
3.5 Generalized Gauge Transformation Laws
As the rules for writing covariant derivatives of spin tensors in both formalisms
are symbolically the same, the gauge behaviours of γaB
C and ΓaB
C can be
specified from one another by simply replacing kernel letters. The original
procedure for establishing these behaviours [5], amounts in either case to taking
up the covariance requirement
∇′aξ′B = ΛBC∇aξC , (3.91)
with ξA being an arbitrary spin vector. Hence, by writing out the expansions
of (3.91) explicitly, and using the derivative device
ΛB
C∂aξC = ∂
′
aξ
′
B − (∂aΛBC)ξC , (3.92)
after invoking the arbitrariness of ξA, we arrive at the configuration
ϑ′aB
DΛD
C = ΛB
DϑaD
C + ∂aΛB
C , (3.93)
where the kernel letter ϑ stands for either γ or Γ, as before (see Eq. (3.29)).
Obviously, either of the affinities occurring in (3.93) can be picked out by ad-
equately coupling all the involved individual pieces with an inverse Λ-matrix.
We have, for instance,
ϑ′aB
C = ΛB
DϑaD
MΛ−1M
C + (∂aΛB
M )Λ−1M
C . (3.94)
As remarked in Ref. [10], there is an alternative procedure for deriving the law
(3.94) which appropriately mixes up the unprimed and primed gauge frames.
This consists in applying the Leibniz rule to the requirement (3.91), likewise
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supposing that any gauge-matrix components can always be covariantly dif-
ferentiated in the same way as ordinary spin tensors. One thus obtains the
correlation
∇′aξ′B = ∇aξ′B − (∇aΛBC)ξC , (3.95)
which immediately yields Eq. (3.93).
The behaviour of any contracted spin-affine structure for either formalism
can be particularly attained by working out the coordinate derivative of the
definition (3.26). For this purpose, we first note that Eqs. (3.76) yield20
∂a(M
ABMCD) = 0, (3.96)
whence it is legitimate to account for the relation
2∂a∆Λ =M
AB∂a(ΛA
CΛB
D)MCD. (3.97)
Additionally, carrying out the ∂-expansion borne by the right-hand side of (3.97)
and invoking the prescription (3.93), leads to the value
2∂a∆Λ = U
(M)
a − V (M)a , (3.98a)
which carries the contributions
U (M)a =M
AB(ϑ′aA
NΛN
CΛB
D + ϑ′aB
NΛA
CΛN
D)MCD (3.98b)
and
V (M)a = M
AB(ΛA
NΛB
DϑaN
C + ΛA
CΛB
NϑaN
D)MCD
= MAB(ΛA
NΛB
Cϑa[NC] − ΛACΛBNϑa[NC])
= 2MABΛA
CΛB
Dϑa[CD]. (3.98c)
For the γ-formalism, we use (3.18) to perform the computations
U (γ)a = γ
AB(γ′aA
Mγ′MB + γ
′
aB
Mγ′AM )
= 2∆Λγ
′ABγ′a[AB] = 2∆Λγ
′
aB
B (3.99a)
and
V (γ)a = γ
ABγaC
Cγ′AB = 2∆ΛγaB
B. (3.99b)
In a similar way, for the ε-formalism, we utilize (3.25) to obtain
U (ε)a = ε
AB(Γ′aA
MΛM
CΛB
D + Γ′aB
MΛA
CΛM
D)εCD
= ∆Λε
AB(Γ′aA
Mε′MB + Γ
′
aB
Mε′AM )
= 2∆ΛΓ
′
aB
B (3.100a)
and
V (ε)a = 2ε
ABΛA
CΛB
DΓa[CD] = 2∆ΛΓaB
B. (3.100b)
20We recall here that the kernel letter M presumably denotes either γ or ε.
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It follows that
∂a∆Λ = ∆Λ(ϑ
′
aB
B − ϑaBB), (3.101a)
whence Eq. (3.94) can be cast into the form
ϑ′aB
C = ϑaB
C +
1
2
(∂a log∆Λ)δB
C . (3.101b)
Then, making suitable contractions gives rise to the laws
γ′aB
B = γaB
B + ∂a log∆Λ (3.102a)
and
Γ′aB
B = ΓaB
B + ∂a log∆Λ, (3.102b)
together with their complex conjugates. We should stress that the metric pre-
scriptions for lowering and raising spinor indices in both formalisms must strictly
involve quantities defined in the same gauge frames.
From Eqs. (3.102), we see that the gauge behaviours of the individual pieces
of the structures (3.42) and (3.61) have to be specified as
τ ′a = τa − ∂aθ, (3.103a)
θ′a = θa − ∂a log ρ (3.103b)
and
Π′a = Πa − ∂a log ρ, (3.104)
with the quantity τa thus amounting to either Φa or ϕa. The transformation
law for | γ | as given in Subsection 3.2 can be recovered out of combining (3.43)
and (3.103b). By appealing to (3.76), we can likewise describe the geometric
character of exp(iΦ) from
∂′aΦ
′ = ∂aΦ + 2∂aθ. (3.105)
It turns out that the gauge behaviour of the partial derivatives of the γ-metric
spinors can be fully described by the law
∂′a log γ
′ = ∂a log γ + ∂a log∆Λ. (3.106)
We then conclude that the eigenvalues of Eqs. (3.73) bear gauge invariance,
whence we can establish the invariant character of (3.84) by taking into consid-
eration the γ-formalism prescription
∇′aγ′BC = ∆Λ∇aγBC . (3.107)
The establishment of the law (3.103a) characterizes Φa and ϕa as the elec-
tromagnetic potentials of γaB
B and ΓaB
B , respectively. Equation (3.107) thus
shows that if the γ-metric spinors are taken to bear covariant constancy in the
unprimed frame, they will have to be looked upon as covariantly constant en-
tities in the primed frame as well. Hence, if Φa is a gradient in the unprimed
36
frame, it will also be a gradient in any other frame. Consequently, as had been
observed before, taking the limit as γ tends to 1 would annihilate both pieces of
γaB
B in the unprimed frame. In such circumstances, the primed-frame pieces
Φ′a and θ
′
a would become proportional to ∂aθ and ∂a log ρ, whence any con-
tracted affine structures for the ε-formalism would have indeed to be entirely
reconstructed in accordance with the prescriptions (3.61) and (3.104). It should
be clear that the gauge behaviours of ∂γ-equations like (3.76) and (3.77) may
be controlled in any case by Eq. (3.106). Therefore, one can state a metric
principle that describes in a gauge-invariant fashion the geometric structure of
the γ-formalism as regards the presence or absence of electromagnetic fields.
We can covariantly keep track of gauge behaviours by assuming that any
∇-derivative of some spin tensor or density can be carried out in any frame
regardless of whether the kernel letter of the object to be differentiated is primed
or unprimed. Let us, in effect, consider the γ-formalism expansion
∇aγ′BC = ∂aγ′BC − γaMMγ′BC . (3.108)
Interchanging the roles of the frames and making use of (3.102a) yields
∇′aγBC = ∇aγBC − (∂a log∆Λ)γBC , (3.109)
whence the covariant derivative carried by (3.108) obeys the relation
∇aγ′BC = ∇′aγ′BC + (∂a log∆Λ)γ′BC . (3.110)
As a consequence of Eq. (3.110), we can account for the contracted derivatives
γBC∇′aγBC = γBC∇aγBC − ∂a log(∆Λ)2 (3.111a)
and
γ′BC∇aγ′BC = γ′BC∇′aγ′BC + ∂a log(∆Λ)2, (3.111b)
which clearly reflect the interchange of frames implemented above. We can see
that if either of Eqs. (3.111) had been considered alone, then the gauge-frame
prescription for the other could be obtained by effecting the substitution
∆Λ 7→ δΛ. (3.112)
By taking account of (3.109), we write down the expansions
∇′aγ′BC = ∇′a(∆ΛγBC) = ∆Λ∇′aγBC + (∇′a∆Λ)γBC
= ∆Λ∇aγBC + (∇′a∆Λ − ∂′a∆Λ)γBC , (3.113)
which suggest ascribing a gauge-scalar character to ∆Λ, namely
21
∇′a∆Λ = ∂′a∆Λ = ∂a∆Λ = ∇a∆Λ. (3.114)
21Equation (3.114) enables one to say that the functions ρ and θ carried by the definition
(3.14a) are world-spin scalars.
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From Eq. (3.113), it also follows that
γ′BC∇′aγ′BC = γBC∇aγBC , (3.115)
whence the condition (3.36) is subject to the homogeneous law
∇′a(γ′BCγ′B′C′) =| ∆Λ |2 ∇a(γBCγB′C′). (3.116)
A covariant mixed-frame property arises when we work out covariant deriva-
tives of the unprimed-index γ-metric spinors for the primed frame. For instance,
taking (3.114) into account leads to
∇aγ′BC = ∇a(∆ΛγBC) = ∆Λ∇aγBC + (∂a∆Λ)γBC , (3.117a)
whence, because of Eqs. (3.108)-(3.110), we can write
∇′a(∆ΛγBC) + (∂a∆Λ)γBC = ∆Λ∇′aγBC + (2∂a∆Λ)γBC . (3.117b)
Equation (3.109) then yields the prescription
δΛ∇aγ′BC = ∇′aγBC + 2(∂a log∆Λ)γBC , (3.118)
which upon transvection with γ′BC gives
γBC∇′aγBC = γ′BC∇aγ′BC − ∂a log(∆Λ)4. (3.119)
Therefore, the sum of contracted ∇-derivatives having the same gauge-frame
mixing is maintained when we interchange the frames, namely
γ′BC∇aγ′BC + γ′BC∇aγ′BC = γBC∇′aγBC + γBC∇′aγBC . (3.120)
An important property of the covariant derivative prescriptions we have
exhibited is that they can be used as a metric tool for looking into the structure
of the transformation laws for the contracted spin affinities of the γ-formalism
[10]. The best way of describing this situation is to observe that a requirement
of the form of Eq. (3.91) comes out when we insert into the relation (3.110) the
expansion
∇aγ′BC = ΛBLΛCM∇aγLM +∇a(ΛBLΛCM )γLM . (3.121)
Hence, implementing (3.114) in the form
∇a(ΛBLΛCM )γLM = (∂a∆Λ)γBC , (3.122)
produces the statement
∇′aγ′BC = ΛBLΛCM∇aγLM , (3.123)
which effectively recovers the laws (3.102a) and (3.107). In both gauge frames,
there occurs annihilation of part of the information carried by the covariant
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derivatives of ΛB
LΛC
M when the overall differential expansions are appropri-
ately contracted with γLM or γ
′
LM . The amount of information annihilated
in each frame is not gauge invariant, and can be calculated by performing the
relevant expansion. What results is, in effect, that the pieces
(∆ΛγaM
MγBC , ∆Λγ
′
aM
Mγ′BC), (3.124)
cancel out when the contracted derivatives are individually built up. To estab-
lish this statement, we rewrite (3.110) as
∇′aγ′BC = ∇aγ′BC −∇a(ΛBLΛCM )γLM , (3.125a)
or, more explicitly, as22
∇a(ΛBLΛCM )γLM = ∂a(ΛBLΛCM )γLM . (3.125b)
Particularly, the pieces occurring in the configuration
γBC∇a(ΛBLΛCM )γLM = γBC∂a(ΛBLΛCM )γLM , (3.126)
carry only gauge-invariant information.
At this stage, it is expedient to reexpress (3.94) as
γ′aBC = ΛB
LΛC
MγaLM + (∂aΛB
L)ΛC
MγLM . (3.127)
Because of the pattern of Eq. (3.14c), we can also write out the relation
(∂a∆Λ)γBC = 2(∂aΛB
L)ΛC
MγLM , (3.128)
whence
γ′aBC = ΛB
LΛC
MγaLM +
1
2
(∂a∆Λ)γBC , (3.129)
which recovers the law (3.101b). Now, multiplying Eq. (3.129) by γ′BC rein-
states the law (3.102a), since
γ′BCΛB
LΛC
MγaLM = δΛγ
BCΛB
LΛC
Mγa[LM ] = γaB
B (3.130a)
and
1
2
γ′BC(∂a∆Λ)γBC = δΛ∂a∆Λ = ∂a log∆Λ. (3.130b)
Hence, if we implement the splittings
γ′aBC = γ
′
a(BC) +
1
2
γ′aM
Mγ′BC (3.131a)
and
ΛB
LΛC
MγaLM = ΛB
LΛC
Mγa(LM) +
1
2
∆ΛγaM
MγBC , (3.131b)
22We notice that Eqs. (3.125) recover the relation (3.122).
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we will obtain the spin-tensor prescription
γ′a(BC) = ΛB
LΛC
Mγa(LM) = ∆Λγa(BC), (3.132)
along with the law
γ′aBC = ΛB
LΛC
Mγa(LM) +
1
2
∆Λ(γaM
M + ∂a log∆Λ)γBC . (3.133)
Upon proceeding to the derivation of the transformation laws for the ε-
formalism, we must recall the structure (3.94) and work out the primed-frame
configuration
Γ′aBC = Γ
′
aB
Mε′MC . (3.134)
The relations (3.114) and (3.128) are still valid as they stand there since both
formalisms involve one and the same gauge group, but the law (3.133) has to
be replaced with
Γ′aBC = (∆Λ)
−1ΛB
LΛC
MΓa(LM) +
1
2
(ΓaM
M + ∂a log∆Λ)εBC . (3.135)
Equations (3.101b) and (3.102b) are consequently recovered, and we can write
the prescription
Γ′a(BC) = (∆Λ)
−1ΛB
LΛC
MΓa(LM) = Γa(BC), (3.136)
whence Γa(BC) is an invariant spin-tensor density of weight −1. It can there-
fore be said that the symmetric parts of any spin-affine connexions for both
formalisms carry a gauge-covariant character. By making use of Eqs. (3.133)
and (3.135) along with the trivial equality
ρ∂aρ = Re(∆Λ∂a∆Λ), (3.137)
we also establish that the relationships (3.44a) and (3.67a) behave covariantly.
One of the most remarkable analogies between world and spin configura-
tions is reflected by the fact that covariant differentials in both formalisms of
any typical geometric objects carry the same gauge characters as the differ-
entiated objects themselves. This property exhibits the existence of a formal
analogy between covariant derivatives of world and spin quantities in M. It just
comes from the combination of the outer-product extension of the requirement
(3.91) with the prescriptions for building up arbitrary spin-tensor densities. For
example, the gauge behaviour of the expansion (3.56) is specified by
∇′aU ′BC...D = (∆Λ)a(∆¯Λ)bΛBLΛCM ...ΛDN∇aULM...N . (3.138)
The prescription (3.54b) thus undergoes the transformation
∇′a exp(iΦ′) = ∆Λ | ∆Λ |−1 ∇a exp(iΦ), (3.139)
while ∇aSbAA′ behaves as
∇′aσ′bAA′ =| ∆Λ | ∇aσbAA′ , ∇′aΣ′bAA′ = ∇aΣbAA′ . (3.140)
Equation (3.140) may establish the gauge invariance of the ∇-constancy prop-
erty of the elements of the set (3.8).
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4 SPIN CURVATURE ANDWAVE EQUATIONS
We shall now describe systematically the curvature spinors of γaB
C and ΓaB
C .
The pertinent computational devices carry the definition of a set of spinor differ-
ential operators that constitute the bivector configuration for ∇[a∇b]. A rough
form of such operators was first utilized in Ref. [12] for deriving a system of
wave equations for some classical spinning fields. Upon working out the proce-
dures that yield the wave equations for gravitons, we will have necessarily to
implement a version of the gravitational Bianchi identity which amounts to an
extension of the one borne by the spinor classification schemes mentioned ear-
lier. As before, we will bring out the geometric quantities for the γ-formalism
without leaving out their ε-formalism counterparts.
A particularly remarkable feature of the γε-framework is that whereas any
curvature spinors for the γ-formalism are subject to tensorial gauge transforma-
tion laws, the corresponding ones for the ε-formalism carry a gauge-invariant
density character. In both formalisms, any conjugate gravitational and electro-
magnetic wave functions supply dynamical states for gravitons and photons of
opposite handednesses. The gravitational pieces of the curvature splittings for
both formalisms may likewise give rise to a common gauge-invariant expression
for the cosmological constant. It turns out indeed that a system of gauge-
covariant field and wave equations bearing prescribed index configurations is
what controls the propagation of gravitons and photons in M.
Obviously, all the main procedures shall be completed in the presence of
electromagnetic fields. In Subsection 4.1, the relevant commutator structures
along with the curvature spinors are constructed. The electromagnetic field and
wave equations are exhibited in Subsection 4.2. We will exhibit the gravita-
tional statements subsequently in Subsection 4.3. In respect of the formalisms
themselves, any wave functions shall be taken as classical fields from the physi-
cal point of view. Thus, there will not be henceforth any attempt to provide a
quantum description of gravitons and photons. The inclusion of the description
of Dirac fields in M is made in Subsection 4.4. Either of the potentials of Eq.
(3.103a) will be denoted as Φa.
4.1 Commutators and Curvature Spinors
The information on the curvature splittings that arise in both formalisms is
carried by the covariant commutator [5]
[∇a,∇b]ScDD
′
+ 2∇[a(∇b]ScDD
′
) = 0, (4.1)
where ScDD
′
is one of the entries of the set (3.8). Expanding the middle configu-
ration of (4.1) and invoking the covariant differential prescriptions of Subsection
3.3, yields the relation
ScAB
′
WabA
B + ScBA
′
WabA′
B′ + ShBB
′
Rabh
c = 0, (4.2)
with
WabA
B = 2∂[aϑb]A
B − (ϑaACϑbCB − ϑbACϑaCB) =W[ab]AB (4.3)
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being the defining expression for a typical Infeld-van der Waerden mixed cur-
vature object for either formalism. The explicit expansion for the ε-formalism
version of (4.1) carries a term proportional to ∂[aΠb] which may be taken to van-
ish [10]. This point will be touched upon again in Section 5. Hence, transvecting
(4.2) with ScDB′ gives
2WabA
B + δA
BWabA′
A′ = ScAB′S
dBB′Rabcd, (4.4)
whence we can write down the contracted statement
2ReWabA
A = Rabh
h ≡ 0. (4.5)
Evidently, the procedure that yields Eq. (4.5) brings about annihilation of
the information carried by Rabc
d, whence the trace WabA
A appears as a purely
imaginary quantity in either formalism. The simplest manner of deriving the
spin-affine expressions for the conjugate W -traces of both formalisms is to con-
tract the free spinor indices of (4.3), verifying thereafter that the contracted
pattern for the involved quadratic ϑ-piece vanishes identically. We thus obtain
the electromagnetic contribution
WabA
A = 2∂[aϑb]A
A = (−4i)∂[aΦb]. (4.6)
It is observed in Refs. [10, 11] that the W -objects for both formalisms can be
alternatively obtained from
[∇a,∇b]ζC =WabMCζM , (4.7)
where ζC is some spin vector. Furthermore, we can recover the expression (4.3)
from (4.7) by replacing ζC with a spin quantity defined as the outer product of
a gauge-invariant world vector with a suitable Hermitian S-matrix. The gravi-
tational contribution to the curvature structure of either formalism amounts to
the piece
Wab(AB) =
1
2
ScAB′S
dB′
B Rabcd, (4.8)
which really bears the symmetries exhibited by Eqs. (3.9). Then, combining
(4.6) and (4.8) leads to the splitting
WabAB =
1
2
ScAB′S
dB′
B Rabcd − iFabMAB, (4.9)
with Fab being the Maxwell tensor
Fab + 2∂[aΦb] = 2∇[aΦb]. (4.10)
A symmetrization over the indices A and B of Eq. (4.9) obviously causes anni-
hilation of the electromagnetic information carried by WabAB .
In the γ-formalism, we have the covariant prescription
W ′abAB = ΛA
CΛB
DWabCD = ∆ΛWabAB . (4.11)
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The symmetric pieces Wab(AB) and Wab(A′B′) for the ε-formalism behave, re-
spectively, as invariant spin-tensor densities of weight −1 and antiweight −1,
whence we have the law
W ′abAB = (∆Λ)
−1ΛA
CΛB
D(Wab(CD) +
1
2
WabM
MεCD) =WabAB, (4.12)
along with the complex conjugates of (4.11) and (4.12). It should be pointed
out that WabA
B thus amounts to a gauge-invariant world-spin tensor in both
formalisms. The overall curvature spinors of either γaB
C or ΓaB
C arise from
the bivector configuration borne by (4.9). We have, in effect,
SaAA′S
b
BB′WabCD =MA′B′ωABCD +MABωA′B′CD, (4.13)
where
ωABCD = ω(AB)CD +
1
2
SaAA′S
bA′
B WabCD (4.14a)
and
ωA′B′CD = ω(A′B′)CD +
1
2
SaAA′S
bA
B′WabCD. (4.14b)
Owing to the gauge characters of the W -objects, the curvature spinors for the
γ-formalism are subject to the tensor laws
ω′ABCD = ΛA
LΛB
MΛC
RΛD
SωLMRS = (∆Λ)
2ωABCD (4.15a)
and
ω′A′B′CD = ΛA′
L′ΛB′
M ′ΛC
RΛD
SωL′M ′RS =| ∆Λ |2 ωA′B′CD, (4.15b)
whereas the ones for the ε-formalism are invariant spin-tensor densities pre-
scribed by
ω′ABCD = (∆Λ)
−2ΛA
LΛB
MΛC
RΛD
SωLMRS = ωABCD (4.16a)
and
ω′A′B′CD =| ∆Λ |−2 ΛA′L
′
ΛB′
M ′ΛC
RΛD
SωL′M ′RS = ωA′B′CD. (4.16b)
It is demonstrated in Ref. [10] that the Riemann-Christoffel curvature struc-
ture of M can be completely recovered from the pair
G = (ωAB(CD), ωA′B′(CD)). (4.17)
The elements of the pair for each formalism thus enter the corresponding spinor
expression for Rabcd according to the gauge-covariant Hermitian prescription
RAA′BB′CC′DD′ =(MA′B′MC′D′ωAB(CD)+MABMC′D′ωA′B′(CD)) + c.c.,
(4.18)
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with the symbol ”c.c.” denoting an overall complex-conjugate piece. This prop-
erty was established by utilizing the expansion (4.18) along with some metric
formulae and the expression
Rabcd=S
AA′
a S
BB′
b S
CC′
c S
DD′
d RAA′BB′CC′DD′ , (4.19)
to rewrite the right-hand side of (4.8) as
1
2
ScCA′S
dA′
D Rabcd = S
A
A′[aS
BA′
b] ωAB(CD) + S
A′
A[aS
B′A
b] ωA′B′(CD). (4.20)
The above-mentioned procedure recovers the symmetries borne by (4.14). It re-
ally annihilates the entire complex-conjugate piece of (4.18), and likewise allows
one to pick up the elements of the G-pair from Rabcd. Hence, the gravitational
curvature spinors of either formalism are defined as the entries of the pair defined
as Eq. (4.17). The symmetries exhibited by the configuration (4.20) correspond
to the skew symmetry in the indices of the pairs ab and cd borne by Rabcd, in
accordance with (2.13a). In view of the spacetime symmetry (2.13c), we have
also to demand the index-pair symmetries
ωAB(CD) = ω(CD)AB, ωA′B′(CD) = ω(CD)A′B′ . (4.21)
Whence the second entry of the G-pair has to be regarded as an Hermitian
entity in both formalisms. There is no fixed prescription for ordering its in-
dices since unprimed and primed spinor indices have been taking algebraically
independent values. The spinor ωA′B′(CD) thus possesses nine real independent
components while ωAB(CD) possesses eleven, with the number of independent
components of Rabcd being thereupon recovered in both formalisms. This com-
ponent prescription was given originally in Ref. [15].
To attain a cosmological interpretation of the gravitational spinors, it is
convenient to reset (4.18) as
RAA′BB′CC′DD′ = (MA′B′MC′D′XABCD +MABMC′D′ΞCA′DB′) + c.c., (4.22)
with the XΞ-spinors being defined by
XABCD +
1
4
MA
′B′MC
′D′RAA′BB′CC′DD′ = ωAB(CD) (4.23a)
and
ΞCA′DB′ +
1
4
MABMC
′D′RAA′BB′CC′DD′ = ωA′B′(CD). (4.23b)
In fact, the developments leading to this insight [12] had supported a spinor
translation of Einstein’s equations. Thus, we initially note that the first of Eqs.
(4.21) yields the statement
MADXA(BC)D = 0⇔MBCX(A|BC|D) = 0, (4.24)
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which right away produces the relations
MADXABCD = ̟MBC ⇔MBCXABCD = ̟MAD (4.25a)
and
XAB
AB = 2̟, (4.25b)
with ̟ obviously standing for a world-spin invariant in both formalisms.23
Hence, by taking account of the first-left dual pattern
∗RAA′BB′CC′DD′ = [(−i)(MA′B′MC′D′XABCD −MABMC′D′ΞCA′DB′)] + c.c.,
(4.26)
which comes directly from the combination of (2.28a), (3.12a) and (4.22), and
invoking one of the properties (2.29), we deduce the reality statement
MA′D′M
BCXABCD =MADM
B′C′XA′B′C′D′ , (4.27)
whence Im̟ = 0. Either of the γε-expressions for the Ricci tensor of M then
appears as
RAA′BB′ = 2(̟MABMA′B′ − ΞAA′BB′). (4.28)
Consequently, from (2.46), we can conclude that the Ξ-spinor of either formalism
is associated to Ξab, that is to say,
Ξab = S
AA′
a S
BB′
b ΞAA′BB′ . (4.29)
For the Ricci scalar, we thus have
R = 8̟, (4.30)
whereas the spinor version of the field equations (2.54a) is simply written as
2ΞAA′BB′ = κ(TAA′BB′ − 1
4
TMABMA′B′). (4.31)
We emphasize that the quantity Λ defined in Ref. [12] always obeys the relations
Λ = κ and ̟ = 3Λ, whilst the equality λ = 2̟ holds only when T = 0. It
follows that, when only traceless sources are present, the spinor expression for
the Einstein tensor appears as [11]
GAA′BB′ = −2ΞAA′BB′ − λMABMA′B′ . (4.32)
The symmetries of XABCD as given by (4.21) and (4.24) considerably sim-
plify the four-index reduction formula [12]
XABCD = X(ABCD) −
1
4
(MABX
M
(MCD) +MACX
M
(MBD) +MADX
M
(MBC))
−1
3
(MBCX
M
A(MD) +MBDX
M
A(MC))−
1
2
MCDXAB
M
M . (4.33)
23The quantity ̟ is the same in both formalisms. This fact will be considered further in
Section 5.
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This property affords us the expansion
XABCD = X(ABCD) −
2
3
̟MA(CMD)B, (4.34)
along with
X(ABCD) = XA(BCD) = X(ABC)D. (4.35)
Additionally, we stress that the Hermitian configuration
(MA(CMD)BMA′B′MC′D′) + c.c.
= MADMBCMA′D′MB′C′ −MACMBDMA′C′MB′D′ , (4.36)
gives rise to the splitting
MA′B′MC′D′(X(ABCD) −XABCD) + c.c.
=
2
3
̟(MADMBCMA′D′MB′C′ −MACMBDMA′C′MB′D′). (4.37)
The electromagnetic contribution to the curvature spinors for either formal-
ism amounts to the pair of contracted pieces [10]
E = (ωABC
C , ωA′B′C
C), (4.38a)
which enter the bivector decomposition
SaAA′S
b
BB′Fab =
i
2
(MA′B′ωABC
C +MABωA′B′C
C). (4.38b)
These electromagnetic spinors obey the conjugacy relations
ωABC
C = −ωABC′C
′
, ωA′B′C
C = −ωA′B′C′C
′
. (4.38c)
From Eq. (4.10), we get the relationships
ωABC
C = 2i∇C′(AΦB)C′ , ωA′B′CC = 2i∇C(A′ΦB′)C , (4.39)
whence we are led to the general spinor splittings
ωABCD = ω(AB)(CD) +
1
2
ω(AB)L
LMCD (4.40a)
and
ωA′B′CD = ω(A′B′)(CD) +
1
2
ω(A′B′)L
LMCD, (4.40b)
together with their complex conjugates. Whereas the electromagnetic pieces
of Eqs. (4.40) behave in the γ-formalism as spin tensors, they occur in the
ε-formalism as invariant spin-tensor densities subject to the laws
ω′ABC
C = (∆Λ)
−1ΛA
LΛB
MωLMC
C = ωABC
C (4.41a)
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and
ω′A′B′C
C = (∆¯Λ)
−1ΛA′
L′ΛB′
M ′ωL′M ′C
C = ωA′B′C
C . (4.41b)
As regards the computations that produce the derivation of the wave equa-
tions for both formalisms [14], the key covariant derivative pattern is written
out as
[∇AA′ ,∇BB′ ] =MA′B′∆AB +MAB∆A′B′ . (4.42)
The ∆-kernels involved on the right-hand side of (4.42) are both symmetric
second-order differential operators which bear linearity as well as the Leibniz-
rule property. In the γ-formalism, they behave formally under gauge transfor-
mations as covariant spin tensors, with the respective defining expressions being
written as
∆AB = ∇C′(A∇C
′
B) − iβC′(A∇C
′
B) = −∇C
′
(A∇B)C′ (4.43)
and
∆A′B′ = ∇C(A′∇CB′) + iβC(A′∇CB′) = −∇C(A′∇B′)C , (4.44)
where iβa amounts to the eigenvalue carried by Eq. (3.73a). For the ε-
formalism, we have
∆AB = ∇C′(A∇C
′
B), ∆A′B′ = ∇C(A′∇CB′), (4.45)
with ∆AB and ∆A′B′ thus behaving as invariant spin-tensor densities of weight
−1 and antiweight −1, respectively. It is useful to remark that the covariant
constancy ofMABMA
′B′ enables one to define the contravariant form of any ∆-
operator. In particular, the γ-formalism version of ∆AB, for instance, appears
as
∆AB = −(∇C′(A∇B)C′ + iβC
′(A∇B)C′ ), (4.46a)
or, equivalently, as
∆AB = ∇(AC′∇B)C
′
, (4.46b)
with the relevant defining structure being in either formalism set as24
∆AB +MACMBD∆CD =M
A(CMD)B∇M ′C ∇DM ′ . (4.47)
One of the implications of the eventual presence of electromagnetic pieces in
curvature splittings is that an appropriate number of additional contributions
carrying terms of the same type as the entries of (4.38a) must be incorporated
into any ∆-derivatives of arbitrary outer-product configurations. Equations
(4.7) and (4.42) suggest that some of the most elementary derivatives should be
prescribed in either formalism as
∆ABζ
C = ωABM
CζM = XABM
CζM +
1
2
ωABM
MζC (4.48a)
and
∆A′B′ζ
C = ωA′B′M
CζM = ΞA′B′M
CζM +
1
2
ωA′B′M
MζC . (4.48b)
24Because of the symmetry of the ∆-operators, there is no need for staggering their indices.
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The basic prescriptions for computing ∆-derivatives of a covariant spin vector ξA
can be obtained from (4.48) by carrying out Leibniz expansions of the product
ζCξC . We then have
25
∆ABξC = −ωABCMξM = −(XABCMξM +
1
2
ωABM
MξC) (4.49a)
and
∆A′B′ξC = −ωA′B′CMξM = −(ΞA′B′CMξM +
1
2
ωA′B′M
MξC), (4.49b)
along with the complex conjugates of (4.48) and (4.49). For the complex spin-
scalar density defined by (3.22), we can write the derivatives
∆ABα = −wαωABCC (4.50a)
and
∆A′B′α = −wαωA′B′CC , (4.50b)
which are usually thought of as coming from the integrability condition [40]
[∇a,∇b]α = 2α∇[a(α−1∇b]α) = (−2wα)∂[aϑb] = 2iwαFab, (4.51)
with ϑa standing for either of the affine devices γa and ΓaB
B . It is obvious that
the right-hand sides of (4.50) and (4.51) will turn out to vanish when gradient
potentials are allowed for. Because of the presupposition that both ∂[aθb] and
∂[aΠb] should vanish, any real spin-scalar densities must behave in either formal-
ism as numerical constants with respect to the action of the ∆-operators. The
patterns of ∆-derivatives of some spin-tensor density can certainly be specified
from Leibniz expansions like
∆AB(αBC...D) = (∆ABα)BC...D + α∆ABBC...D, (4.52)
with BC...D being a spin tensor. It follows that if we invoke once more the outer-
product extension of the requirement (3.91), observing that Eq. (3.114) entails
the constancy of ∆Λ with respect to the action of ∇[a∇b], we shall conclude that
the gauge behaviours of any ∆-derivatives bear both homogeneity and linearity
in either formalism. For example, we have the γ-formalism law
∆′AB(α
′B′C...D) = (∆Λ)
wΛA
GΛB
HΛC
L...ΛD
M∆GH(αBL...M). (4.53)
There are some situations of practical interest wherein the calculation of
∆-derivatives may be carried out as if electromagnetic pieces were absent from
curvature splittings [10]. The first point concerning this observation is related to
the fact that there occurs a cancellation of those pieces whenever ∆-derivatives
of arbitrary Hermitian quantities are explicitly computed in either formalism,
independently of which allowable index configurations for the ∆-operators are
25When acting on a world-spin scalar h, the ∆-operators recover the torsionlessness of ∇a
as ∆ABh = 0 and ∆A′B′h = 0.
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implemented. Such a cancellation likewise happens when we let ∆-operators
act freely upon spin tensors of valences {a, a; 0, 0} and {0, 0; c, c}. For w <
0, it still occurs in the expansion (4.52) when the valence of BC...D equals
{0,−2w; 0, 0} and Imα 6= 0 everywhere. A similar property also holds for cases
that involve outer products between contravariant spin tensors and complex
spin-scalar densities having suitable positive weights.
4.2 Wave Equations for Photons
In both formalisms, the wave functions for photons in M constitute the bivector
decomposition given by Eqs. (4.38). The relevant definitions are expressed as
φAB +
i
2
ωABC
C , φA′B′ +
i
2
ωA′B′C
C , (4.54)
together with the field-potential relationships
φAB = −∇C
′
(AΦB)C′ , φA′B′ = −∇C(A′ΦB′)C (4.55a)
and
φAB = ▽(AC′ΦB)C
′
, φA
′B′ = ▽(A′C ΦB
′)C . (4.55b)
These wave functions are inextricably rooted into the curvature structure of
M, being locally considered as massless uncharged fields of spin ±1. At each
point of M, they represent the six geometric degrees of freedom of WabC
C , in
accordance with the expansion
SaAA′S
b
BB′Fab =MA′B′φAB +MABφA′B′ (4.56)
and its dual
SaAA′S
b
BB′F
∗
ab = i(MABφA′B′ −MA′B′φAB). (4.57)
In the ε-formalism, φAB and φA′B′ bear gauge invariance, with any rearrange-
ments of the indices carried by (4.54) likewise leading to gauge-invariant fields.
On the other hand, the only index configurations that yield invariant fields in
the γ-formalism are supplied by φA
B and φA′
B′ , which visibly carry an invari-
ant spin-tensor character in the ε-formalism as well. The corresponding field
equations may arise from the coupled conjugate statements
∇AA′(SaAA′SbBB′Fab + iSaAA′SbBB′F ∗ab) = 0 (4.58a)
and
∇AA′(SaAA′SbBB′Fab − iSaAA′SbBB′F ∗ab) = 0. (4.58b)
We then have the Maxwell equations
∇AA′(MA′B′φAB) = 0, ∇AA
′
(MABφA′B′) = 0. (4.59)
In the γ-formalism, the statements (4.59) amount to the eigenvalue equations
∇AB′φAB = iβAB
′
φAB ⇔ ∇AB′φAB = (−i)βAB′φAB (4.60a)
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and
∇BA′φA′B′ = (−i)βBA
′
φA′B′ ⇔ ∇BA′φA
′B′ = iβBA′φ
A′B′ , (4.60b)
with the β-spinor being the same as the one carried by the definitions (4.43).
The specification of the gauge behaviours of Eqs. (4.60) can be attained from
the law
(∇′AB′ − iβ′AB′)φ′AB = exp(2iθ)(∇AB
′ − iβAB′)φAB, (4.61)
whence the gauge invariance of Maxwell’s equations turns out to be exhibited
by either
∇′AB′φ′AB = ρ−1∇AB
′
φA
B = 0 (4.62)
or the complex conjugate of (4.62). Clearly, this result appears to be compatible
with the gauge invariance of the vacuum equations
∇aFab = 0, ∇aF ∗ab = 0, (4.63)
with the second of which standing for the electromagnetic Bianchi identity. In
the ε-formalism, Eqs. (4.59) are reduced to the gauge-invariant massless-free-
field equations
∇AB′φAB = 0, ∇BA
′
φA′B′ = 0. (4.64)
The gauge invariance of (4.64) is independent of any choices of index configura-
tions because of the ∇-constancy of the ε-metric spinors.
In either formalism, the basic procedure for obtaining the wave equation that
controls the propagation of φA
B, amounts to operating on it with the∇-splitting
∇CA′∇AA
′
= ∆AC − 1
2
MAC, (4.65a)
and working out the resulting structure. For completing the calculational steps
in a systematic fashion, it is necessary to take account of the algebraic rules
2∇A′[C∇A]A′ =MAC = ∇A
′
D (MCA∇DA′) (4.65b)
and
2∇[CA′∇A]A
′
=MCA = ∇DA′(MAC∇A
′
D ), (4.65c)
along with their complex conjugates and the gauge-invariant definition
 + SaMM ′S
bMM ′∇a∇b = ∇MM ′∇MM
′
. (4.65d)
In the γ-formalism, we thus have
∇CA′∇AA
′
φA
B = ∆ACφA
B − 1
2
γACφA
B = 0. (4.66)
Because of the valence pattern of φA
B, the ∆-expansion of (4.66) just carries
the X-spinor, namely
∆ACφA
B = XACM
BφA
M −XACAMφMB = ∆A(BφAC). (4.67)
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Explicit calculations [10] show that the symmetry in B and C brought out by
(4.67) can be established by allowing for the result
∆A[CφA
B] = 0. (4.68)
Hence, by rearranging the indices of the middle configuration of the expansion
(4.67) and invoking (4.34), we get the contribution
∆ABφA
C =
4
3
̟φBC − ω(ABCD)φAD, (4.69)
which leads us to the gauge-invariant equation
(+
R
3
)φA
B = −2ΨADBCφCD, (4.70a)
with the definition
ΨABCD + ω(ABCD) = X(ABCD). (4.70b)
Since φA
B bears a tensor character in both formalisms, the ε-formalism
expansion for ∆ACφA
B is formally the same as (4.67), whence the corresponding
wave equation is an invariant tensor statement of the same form as (4.70a). The
ε-formalism wave equation for φAB may of course be readily written as
( +
R
3
)φAB = 2ΨAB
CDφCD. (4.71)
This result agrees with the fact that the wave function φAB for the ε-formalism
is a two-index spin-tensor density of weight −1. Consequently, one might still
implement the purely gravitational pattern of (4.67) upon expanding ∆ABφAC .
The γ-formalism version of Eq. (4.71) emerges from working out the configura-
tion
2∆ACφAB − γACφAB = ∇CA′(2iβAA
′
φAB), (4.72a)
with the pertinent equation amounting, in effect, to the spin-tensor statement
(− 2iβh∇h −Υ(P) +
R
3
)φAB = 2ΨAB
CDφCD (4.72b)
and
Υ(P) + β
hβh + i(Φ+ 2∇hΦh). (4.72c)
It was shown in Ref. [10] that the right-hand side of (4.72a) is essentially
constituted by the Leibniz contributions
βAA
′∇CA′φAB = (βh∇h −
1
2
iβhβh)φBC (4.72d)
and
(∇CA′βAA
′
)φAB = (
1
2
Φ+∇hΦh)φBC + 2φCAφAB . (4.72e)
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By combining pieces together, we can see that the (skew) non-linear term
4iφC
AφAB cancels out because of the expansion
2∆ACφAB =
R
3
φB
C − 2ΨBCMNφMN − 2ωACMMφAB. (4.72f)
In either formalism, the wave equation for ΦAA′ can be derived by working
out any of the relationships (4.55). For instance,
(−2)φAB = ∇BB
′
ΦAB′ +M
BC∇B′A ΦCB′ , (4.73a)
whence
∇AA′∇BB′ΦAB′ +∇AA
′
(MBC∇B′A ΦCB′) = 0. (4.73b)
For the first piece of (4.73b), we may utilize the operator splitting
∇AA′∇BB′ = ∇BA′∇AB′ +MAB(1
2
MA
′B′
+∇(A′C ∇B
′)C), (4.74)
to obtain the expression
∇AA′∇BB′ΦAB′ =MAB(1
2
MA
′B′
+∇(A′C ∇B
′)C)ΦAB′ +∇BA
′
Θ, (4.75a)
where Θ is the Lorentz world scalar26
Θ + SaMM ′S
bMM ′∇aΦb = ∇MM ′ΦMM
′
. (4.75b)
For the other piece of (4.73b), we have the calculation
∇AA′(MBC∇B′A ΦCB′) = ∇AA
′
(MBC∇B′(AΦC)B′ +
1
2
MBCMCAΘ)
= (−1
2
)∇BA′Θ, (4.76)
with the field equation (4.62) having been employed.
The complex conjugates of Eqs. (4.46) supply the γ-formalism configuration
∇AA′∇BB′ΦAB′ = γAB(1
2
γA
′B′
ΦAB′ +∆
A′B′ΦAB′) +∇BA
′
Θ, (4.77)
whence adding together (4.76) and (4.77) produces the structure
γAB(γA
′B′
ΦAB′ + 2∆
A′B′ΦAB′) +∇BA
′
Θ = 0. (4.78)
By virtue of the Hermiticity of ΦAB′ , the ∆-expansion of (4.78) as prescribed
by Eqs. (4.49) carries only the gravitational contributions borne by
∆A
′B′ΦAB′ =
1
2
RA
A′BB′ΦBB′ , (4.79)
26We emphasize that the quantity Θ transforms under the action of the gauge group as
Θ′ = Θ−θ.
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with RAA′BB′ being given by the expression (4.28). Some trivial manipulations
then yield the statement
ΦAA′ +RAA′
BB′ΦBB′ −∇AA′Θ = 0. (4.80)
Under the cosmological circumstances of Eqs. (2.50), we may reinstate (4.80)
as
(+ λ)ΦAA′ −∇AA′Θ = 0. (4.81)
It has become obvious that the ε-formalism version of ∆A
′B′ΦAB′ bears the
same form as the structure (4.79). Combining (4.75) and (4.76) thus leads to a
wave equation bearing the same form as the statement (4.80). Since the action of
either -operator on any appropriate Hermitian S-matrix produces a vanishing
outcome, we can establish that electromagnetic potentials for both formalisms
must coincide with each other when electromagnetic fields are present. If instead
of (4.73a) we had used the configuration for either φAB or φ
AB, we would have
derived the same wave equation for ΦAA′ as the ones exhibited above. In either
formalism, the pattern of the traditional spacetime wave equation for Φa could
therefore be recovered from (4.80) just by invoking the requirement (3.33). In
accordance with Ref. [10], we stress that the main point regarding the situation
at issue is associated to a commonness feature of the Maxwell bivectors carried
by the formalisms. Apparently, it gets strengthened when one carries out the
world computation
∇bFba = ∇b(∇bΦa −∇aΦb) = Φa − gbh([∇h,∇a] +∇a∇h)Φb
= Φa − [∇b,∇a]Φb −∇aΘ = Φa +RabΦb −∇aΘ. (4.82)
4.3 Wave Equations for Gravitons
The totally symmetric curvature piece defined by Eq. (4.70b) is one of the Weyl
spinor fields. In both formalisms, such objects enter together with their complex
conjugates into the spinor expression for the Weyl tensor Cabcd of M, according
to the scheme [12, 13]
SaAA′S
b
BB′S
c
CC′S
d
DD′Cabcd =MA′B′MC′D′ΨABCD + c.c.. (4.83)
At each point of M, the conjugate Ψ-fields for either formalism are taken to
represent the ten independent degrees of freedom of gab. Physically, they are
massless uncharged wave functions carrying spin ±2, which lie deeply in the
gravitational structure of M. The derivation of the relevant field equations
usually employs the expression (4.26) along with the second of Eqs. (2.29), to
work out the coupled conjugate relations [10]
MC
′D′∇AA′∗RAA′BB′CC′DD′ = 0 (4.84a)
and
MCD∇AA′∗RAA′BB′CC′DD′ = 0, (4.84b)
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which constitute the spinor version of the gravitational Bianchi identity.
In the γ-formalism, Eq. (4.84a) takes the explicit form
∇AB′XABCD − 2iβAB′XABCD = ∇A
′
B ΞA′B′CD, (4.85)
which can be rewritten as
∇AA′(XABCDγA′B′) = ∇AA
′
(ΞA′B′C
DγAB). (4.86)
Hence, performing a symmetrization over the indices B, C and D of (4.85), and
recalling the property (4.35), yields the statement
∇AB′ΨABCD − 2iβAB′ΨABCD = ∇A
′
(BΞCD)A′B′ . (4.87)
As emphasized in Ref. [11], the skew parts in B and C of the terms involved in
(4.86) produce a differential gravitational relationship which does not depend
upon whether electromagnetic fields are present or absent. We have, in effect,
∇AB′XA[BC]D − 2iβAB′XA[BC]D = ∇A
′
[BΞC]DA′B′ , (4.88)
whence, after performing some calculations, we obtain
(−8)∇AA′ΞAA′BB′ = ∇BB′R. (4.89)
The procedure that leads to the statement (4.87) annihilates the information
carried by the ̟-piece of (4.34). In vacuum, we can then write down the gauge-
covariant eigenvalue equations
∇AB′ΨABCD = 2iβAB
′
ΨABCD ⇔ ∇AB′ΨABCD = (−2i)βAB′ΨABCD, (4.90)
which can be rewritten as the invariant massless-free-field equation
∇AA′ΨABCD = 0. (4.91)
From the transformation law (4.15a), we see that the ε-formalism version of
ΨAB
CD amounts to an invariant spin-tensor wave function, whence the corre-
sponding field equation is formally the same as the statement (4.91).
For the purpose of deriving the wave equations for gravitons in both for-
malisms, we may follow up the same starting procedure as that for the electro-
magnetic situation. In the γ-formalism, we thus allow for the splitting
∇EA′∇AA
′
ΨAB
CD = ∆AEΨAB
CD − 1
2
γAEΨAB
CD = 0, (4.92)
and account for Eq. (4.34) to get the calculational result [10, 11]
∆AEΨAB
CD =
R
4
ΨCDEB − 3Q(CDEL)γLB, (4.93a)
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along with the definition
QCDEL + ΨMN
CDΨELMN (4.93b)
and the expansion
4Q(CDEL) = Q(CDE)L+Q(CDL)E+Q(CEL)D+Q(DEL)C = 4Q(CDE)L. (4.93c)
Consequently, one is led to the gauge-invariant vacuum equation
(+
R
2
)ΨAB
CD = 6ΨMN
(CDΨEL)MNγEAγLB. (4.94)
The ε-formalism version of the splitting (4.92) reads
∇EA′∇AA
′
ΨAB
CD = ∆AEΨAB
CD − 1
2
εAEΨAB
CD = 0. (4.95)
As the index configuration of ΨAB
CD yields a spin-tensor character in both
formalisms, we can say that the computation of the ∆-derivative of (4.95) bears
the same form as that implemented above as Eqs. (4.93). It is also clear that
any ∆-derivatives of ΨABCD within the ε-formalism carry only gravitational
contributions27 since we are supposedly dealing with a four-index spin-tensor
density of weight −2. Hence, we can write the ε-formalism statement
(+
R
2
)ΨABCD = 6ΨMN(ABΨCD)
MN . (4.96)
The γ-formalism pattern carrying ∆AEΨABCD appears as
(2∆AE + 2iβEB
′∇AB′ − γAE)ΨABCD = (−4i)∇EB
′
(βAB′ΨABCD). (4.97)
It may be seen [10] that some of the pieces of (4.97) can be manipulated so as
to give the contributions
2∆E
AΨABCD =
R
2
ΨBCDE − 6Q(BCDE) + 8iφEAΨABCD, (4.98a)
2iβB
′
E ∇AB′ΨABCD = 2(βhβh)ΨBCDE (4.98b)
and
(−4i)∇B′E (βAB′ΨABCD) = (2βhβh + 4iβh∇h +Υ(G))ΨBCDE + 8iφEAΨABCD,
(4.98c)
with
Υ(G) + 2(β
hβh +Υ(P)), (4.99)
and Υ(P) being given by (4.72c). The resulting wave equation is then written
as
( − 4iβh∇h −Υ(G) +
R
2
)ΨABCD = 6ΨMN(ABΨCD)
MN . (4.100)
27This observation is evidently similar to that made previously concerning the ε-formalism
version of φAB.
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Equations (4.94) and (4.100) can be derived from one another by taking
account of the differential prescriptions
ΨABCD = (ΨAB
LMγLCγMD), (γLCγMD) = (−Υ(G))γLCγMD (4.101a)
and
2(∇aΨABLM )∇a(γLCγMD) = 4(2βhβh + iβh∇h)ΨABCD. (4.101b)
By following up this procedure, we can deduce Eq. (4.100) without having to
perform the somewhat lengthy calculations that yield the contributions (4.98).
It becomes obvious that the γ-formalism vacuum wave equation for ΨABCD
might also be derived by making use of a similar procedure which takes up the
configurations
ΨABCD = (γALγBMΨLM
CD), (γALγBM ) = (−Υ(G))γALγBM (4.102a)
and
2∇a(γALγBM )(∇aΨLMCD) = 4(2βhβh − iβh∇h)ΨABCD. (4.102b)
We have, in effect,
(+ 4iβh ▽h −Υ(G) +
R
2
)ΨABCD = 6ΨMN
(ABΨCD)MN . (4.103)
As had been established in Ref. [10], the γ-formalism wave equations satisfied
by any fields of valences {a, 0; 0, 0} and {0, a; 0, 0}, as well as their complex-
conjugate versions, can be obtained from each other by invoking the interchange
rule28
iβh∇h ↔ (−i)βh∇h, (Υ(P),Υ(G))↔ (Υ(P),Υ(G)). (4.104)
4.4 Wave Equations for Dirac Fields
As in the case of world-spin curvature objects, the Infeld-van der Waerden treat-
ment of Dirac fields [5] entirely left out the decompositions that occur in operator
bivector expansions for covariant differential commutators. The achievement of
the spinor computational techniques utilized in the previous Subsections has
also afforded [33] a complete description of the interaction couplings carried by
the wave equations for Dirac fields in M. A notable feature of these configu-
rations is that they are strictly exhibited by the patterns of the γ-formalism
equations which control the propagation of the fields. Only couplings of Dirac
particles with underlying photons are brought about by the relevant derivation
procedures, there actually occurring no couplings that involve wave functions
for gravitons. In fact, the interaction pieces turn out all to be cancelled when
we set up the wave equations for the ε-formalism.
28This rule gives the equation (+2iβh▽h−Υ(P)+ R3 )φAB = 2ΨABCDφCD straightaway
from (4.72b). We should notice that both Υ(P) and Υ(G) bear gauge invariance.
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The issue concerning the description of the fundamental couplings between
Dirac fields and Infeld-van der Waerden photons is now entertained. Of course,
the curvature splittings of M will once again be assumed to carry nowhere-
vanishing electromagnetic contributions. Like the situation of the original for-
mulation [5], any Dirac field will be physically thought of as a classical wave
function. However, no specific energy character will throughout what follows be
attributed to it. The ∆-operator prescriptions of Subsection (4.1) will be used
so many times here that we shall not refer to them explicitly upon deriving our
wave equations.
A Dirac system in M can be defined in either formalism as the conjugate
field pairs borne by the set
D = {{ψA, χA′}, {χA, ψA
′}}. (4.105)
All fields of this set are usually taken to possess the same rest mass m. The
entries of each pair have the opposite helicity values +1/2 and −1/2, but such
values get reversed when we pass from one pair to the other. In addition, each
of the pairs carries the same electric charge, with the charge of one pair being
opposite to the charge of the other pair. In the γ-formalism, any element of the
set (4.105) behaves as a spin vector under the action of the gauge group. The
unprimed and primed elements of the former pair appear in the ε-formalism as
spin-vector densities of weight +1/2 and antiweight −1/2, respectively. It is
clear that the weights of the ε-formalism version of the conjugate fields turn out
to be the other way about.
In both formalisms, the theory of Dirac fields was originally taken [5] as the
combination of the statements
∇AA′ψA = (−i)µχA′ , ∇AA
′
χA′ = (−i)µψA (4.106)
with their complex conjugates.29 In the γ-formalism, the field equations (4.106)
are equivalent to
∇AA′ψA = i(µχA
′
+ βAA
′
ψA), ∇AA′χA
′
= i(µψA + βAA′χ
A′). (4.107)
The ε-formalism version of (4.107) is given by
∇AA′ψA = iµχA
′
, ∇AA′χA
′
= iµψA, (4.108)
which evidently can be recast into the form of (4.106), with the wave functions
{ψA, χA
′} showing up as spin-vector densities of weight −1/2 and antiweight
+1/2. Hence, if we operate with ∇A′B on the first of Eqs. (4.106), likewise imple-
menting the field equation for χA′ , we will arrive at the γ-formalism statement
(γAB− 2∆AB)ψA = (−2)µ2ψB, (4.109)
which amounts to the wave equation
( +
R
4
+m2)ψA = (−2i)φABψB. (4.110)
29The coupling constant borne by (4.106) carries the normalized rest mass µ = m/
√
2.
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A similar procedure yields the wave equation for χA′
( +
R
4
+m2)χA′ = 2iφA′
B′χB′ , (4.111)
which accordingly comes from the configuration
(2∆A
′B′ − γA′B′)χA′ = (−2)µ2χB
′
. (4.112)
The ε-formalism counterparts of Eqs. (4.109) and (4.112) involve the derivatives
∆ABψ
A = −R
8
ψB , ∆
A′B′χA′ =
R
8
χB
′
, (4.113)
whence the corresponding wave equations are written as30
( +
R
4
+m2)ψA = 0, (+
R
4
+m2)χA′ = 0. (4.114)
It becomes evident that the reason for the non-occurrence of Maxwell-Dirac
interactions within the ε-formalism is related to the spin-density character of
the respective Dirac wave functions.
A particular procedure for deriving the γ-formalism wave equations for the
fields of the pair {ψA, χA
′} consists in allowing suitably indexed ∇-operators to
act through Eqs. (4.107), taking up thereafter either the contravariant differ-
ential configuration (4.65c) or its complex conjugate. For ψA, for instance, we
thus have the differential relation
∆ABψA −
1
2
γABψA = i∇BA′(µχA
′
+ βAA
′
ψA). (4.115)
Some calculations similar to those for photons performed anteriorly, supply the
following contributions to the right-hand side of Eq. (4.115):
iβAA
′∇BA′ψA =
1
2
(βhβh)ψ
B − iγAB(βh∇hψA)− µβBA
′
χA′ (4.116)
and
i(∇BA′βAA
′
)ψA =
i
2
(∇hβh)ψB + 2iφABψA. (4.117)
It should be noticed that the computation which produces the right-hand side of
(4.117) absorbs one of the relations (4.55). Then, implementing the expression
∆ABψA =
R
8
ψB + iφABψA, (4.118)
along with the second of Eqs. (4.107), yields
(+
R
4
+m2 − 2iβh∇h −Υ(P))ψA = 2iφABψB, (4.119)
30In the ε-formalism, we also have (+ R
4
+m2)ψA = 0 and (+
R
4
+m2)χA
′
= 0.
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with Υ(P) being given by the definition (4.72c). For χ
A′ , we likewise obtain the
formulae
iβAA′∇AB′χA
′
=
1
2
(βhβh)χB′ + iγA′B′(β
h∇hχA
′
)− µβAB′ψA, (4.120)
i(∇AB′βAA′)χA
′
=
i
2
(∇hβh)χB′ − 2iφA′B′χA
′
(4.121)
and
∆A′B′χ
A′ = iφA′B′χ
A′ − R
8
χB′ , (4.122)
which lead us to the equation
(+
R
4
+m2 − 2iβh∇h −Υ(P))χA
′
= (−2i)φA′B′χB
′
. (4.123)
The consistency between the γ-formalism wave equations we have exhibited
can be verified by taking into account the prescriptions
γBC = (−Υ(P))γBC , γBC = (−Υ(P))γBC (4.124a)
and
(ψA) = γABψB + (γ
AB)ψB + 2(∇hγAB)∇hψB, (4.124b)
along with
∆ABψC − (∆ABψM )γMC = 2iφABψC (4.125a)
and
∆A′B′χC′ − (∆A′B′χM
′
)γM ′C′ = (−2i)φA′B′χC′ . (4.125b)
We can then state that the right-hand sides of such wave equations amount
to the only structures which carry the interaction patterns produced by the
propagation in M of the fields borne by the pairs {ψA, χA′} and {ψA, χA
′}.
Remarkably enough, these coupling configurations are not affected by the im-
plementation of any devices for changing valences like the ones of Eqs. (4.124)
and (4.125).
5 CONCLUDING REMARKS
The only spacetime-metric character of the ε-formalism is carried by Eqs. (3.7b)
and (3.68), which effectively yield the expressions
e = K(−g)−1/2, ΣBB′h ∂aΣhBB′ = ∂a log e,
where K stands for a constant positive-definite world-spin invariant. An ε-
formalism counterpart of the condition (3.90) can therefore be brought into the
overall metric picture, according to the requirement
∇ae = 0.
59
The transformation law (3.104) suggests the implementation of a prescription
of the type
Πa = ∂a logE
−1 ⇒ ∂[aΠb] = 0,
with E amounting to a covariantly constant world-invariant spin-scalar density
of absolute weight +1 that carries no specific metric meaning. This prescription
can be considered as a formal physically meaningless counterpart of Eq. (3.43),
which is associated to the spin-displacement configuration
Πadx
a = −E−1dE.
It also guarantees the genuineness of the ε-formalism version of Eqs. (4.1) and
(4.3) since
∇[a(Πb]ΣcDD
′
) = 0.
It has become manifest that the strongest way of characterizing Φa and ϕa
as affine electromagnetic potentials is afforded by the commutators that yield
the curvature spinors of γaB
C and ΓaB
C . As we had mentioned in Section 1, one
of the traditional properties of the γ-formalism is that the presence or absence
of electromagnetic fields can be controlled by means of any of the metric devices
provided by Eqs. (3.73) and (3.81). The derivatives (4.48) and (4.49) supply
alternative ”electromagnetic switches” of the form
∆ABγCD = (∆ABγ)εCD = 2iφABγCD.
Then, whenever Φa is taken as a gradient, we may allow for the relationship
(−2)φAB = ∆ABΦ = 0,
which obviously brings out the Christoffel property of Γabc as expressed by
[∇a,∇b]Φ = 0.
Another noteworthy difference between the formalisms is related to the non-
availability of any ε-counterparts of such electromagnetic devices.
A gauge-covariant form of the limiting process gets clearly exhibited when
we call for the γε-formulae
Θ
(γ)
aBC = γΘ
(ε)
aBC , Γ
(γ)
A(BC)A′(B′C′) =| γ |3 Γ
(ε)
A(BC)A′(B′C′)
and
σD
′
h(B∂|a|σ
h
C)D′ = γΣ
D′
h(B∂|a|Σ
h
C)D′ , γa(BC) = γΓa(BC).
Consequently, we can write down the affine configuration
ϑaBC =
1
2
(SbD
′
(B ∂C)D′gab + S
D′
b(B∂|a|S
b
C)D′ + ϑaD
DMBC),
together with Eq. (3.61) and the explicit γ-formalism expression
γaB
B =
1
4
(Γa + σ
BB′
s ∂aσ
s
BB′)− 2iΦa.
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We have thus been able to build up a metric expression for γaBC and likewise to
construct out of utilizing the limiting procedure the corresponding configuration
for ΓaBC .
The implementation of the relation ∂[aΠb] = 0 particularly ensures that the
pattern (4.3) for the γ-formalism equals its ε-formalism counterpart, that is to
say,
W
(γ)
abA
B =W
(ε)
abA
B ⇔W (γ)abAB = γW (ε)abAB .
Indeed, the W -objects for both formalisms may also arise from the combination
of Eq. (4.1) with either of the commutators
[∇a,∇b]uCC
′
= SCC
′
c Rabh
cuh, [∇a,∇b]uCC′ = −ScCC′Rabchuh.
Suitably contracted versions of these structures lead to purely gravitational
configurations like
∆ABu
BC′ = ΞABD′
C′uBD
′ − R
8
uA
C′ ,
whence, in either formalism, we may account for the Hermitian expansions
[∇a,∇b]uCC
′
=WabD
CuDC
′
+WabD′
C′uCD
′
and
[∇a,∇b]uCC′ = − (WabCDuDC′ +WabC′D
′
uCD′).
The combination of these results with the relations
R
(γ)
AA′BB′CC′DD′ =| γ |4 R(ε)AA′BB′CC′DD′
and
ω
(γ)
ABCD = γ
2ω
(ε)
ABCD, ω
(γ)
A′B′CD =| γ |2 ω(ε)A′B′CD,
establishes the γε-commonness of the gravitational quantities κ and ̟, and
additionally enhances the correspondence principle involved in the limiting pro-
cess. While the torsionlessness property of ∇a may be expressed in terms of
spin-affinity pieces such as in Eq. (3.47a), the spin-curvature version of it may
be exhibited by the statements (4.27) and (4.85).
One can attain a confirmation of the result regarding the tensor behaviour
of the γ-formalism wave equations for gravitons and photons in M by invoking
the gauge invariance of βa along with the transformation law for Θ and the
homogeneous pattern

′(A˘′T ′BC...D) = (∆Λ)
a(∆¯Λ)
b | ∆Λ |c ΛBLΛCM ...ΛDN(A˘TLM...N).
This procedure takes up implicitly the gauge invariance of the Υ-functions de-
fined by (4.72c) and (4.99). The sourceful version of Eq. (4.100) amounts to
( − 4iβh∇h −Υ(G) +
R
2
)ΨABCD − 6ΨMN(ABΨCD)MN = −κsABCD,
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with
sABCD = γL(A∇A
′
B ∇B
′LTCD)A′B′ ,
whence the rule (4.104) still holds for it, namely
(+ 4iβh ▽h −Υ(G) +
R
2
)ΨABCD − 6ΨMN (ABΨCD)MN = −κsABCD.
In the ε-formalism, we correspondingly obtain, for instance,
(+
R
2
)ΨABCD − 6ΨMN(ABΨCD)MN = −κ∇A
′
(A∇B
′
B TCD)A′B′ .
The γε-formalisms have afforded us an elementary description of generally
relativistic spacetime geometry. We emphasize further that their inner structure
may suggest looking upon them as an intrinsic part of general relativity. Thus,
the occurrence of electromagnetic configurations in spacetime curvatures could
lead us to thinking of Infeld-van der Waerden photons as generally relativis-
tic objects. Consequently, we could expect that some theoretical insights may
eventually be gained into the situation which deals with the physical properties
of the radiation background of the universe.
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